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INTRODUCTION. 



The Science of Geometry treats of the properties and con- 
struction of solidsy surfaces^ and lines. Plane Geometry 
treats only of the line and plane or flat surface ; and the 
elements of Plane Geometry include the properties of the 
straight line and circle only, and of combinations of straight 
lines and circles. 

The science of Geometry is called dedtictive, because 
certain fundamental truths being assumed as obviously true, 
the remaining truths of the science are deduced from thqm 
byreasoningi 

Propositions admitted without demonstration are called 
Axioms, 

Of the Axioms used in Geometry those are termed 
General which are applicable to magnitudes of all kinds : 
the following is a list of the general axioms more frequently 
used. 

{a) The whole is greater than its part 

{b) The whole is equal to the sum of its parts. 

{c) Things that are equal to the same thing are equal 
to one another. 

{d) If equals are added to equals the sums are equal. 

{e) If equals are taken from equals the remainders are 
equal. 

w. I 
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(/) If equals are added to unequals the sums are 
unequal, the greater sum being that which is obtained from 
the greater magnitude. 

{£) If equals are taken from unequals the remainders 
are unequal, the greater remainder being that which is 
obtained from the greater magnitude. 

(K) The doubles and halves of equals are equal* 

A Theorem is the formal statement of a proposition that 
may be demonstrated from known propositions. These 
known propositions may themselves be Theorems or 
Axioms. 

« 

The two next pages, within brackets, may be omitted the first time 
of reading the subject 

[A Theorem consists of two parts, the hypothesisy or that 
which is assumed, and the conclusion^ or that which is 
asserted to follow therefrom. Thus in the typical Theorem 

If A is B, then CUD, (i) 

the hypothesis is that A is B, and the conclusion, that 

CisD. 

From the truth conveyed in this Theorem it necessarily 

follows : 

If C is not Dy then A is not B, (ii). 

Two such Theorems as (i) and (ii) are said to be contra- 
positive, each of the other. 

For example, if it were miiversally true that, If a man is a Spaniard, 
his hair is black ; then it would follow that if his hair is not black, the 
man is not a Spaniard. Each of these statements is the contrapositive of 
the other. 

Two Theorems are said to be converse, each of the 
other, when the hypothesis of each is the conclusion of the 
other. 
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Thus, 

IfCisD.thenAisB, (iii) 

is the converse of the typical Theorem (i). 

The contrapositive of the last Theorem, viz. : 

If A is not By then C is not D^ (iv) 

is termed the obverse of the typical Theorem (i). 

Sometimes the hypothesis of a Theorem is complex, i.e. 
consists of several distinct hypotheses ; in this case every 
Theorem formed by interchanging the conclusion and 
one of the hypotheses is a converse of the original 
Theorem, 

The truth of a converse is not a logical consequence of 
the truth of the original Theorem, but requires independent 
investigation. 

Thus, supposing it were true that if a man is a Spaniard his hair is 
black ; it does not follow that if a man*s hair is black he is therefore 
a Spaniard : for he might be a Turk or of any other nation. 

Hence the four associated Theorems (i) (ii) (iii) (iv) 
resolve themselves into two Theorems that are independent 
of one another, and two others that are always and neces- 
sarily true if the former are true ; consequently it will never 
be necessary to demonstrate geometrically more than two of 
the four Theorems, care being taken that the two selected 
are not contrapositive each of the other. 

Rule of Conversion, If of the hypotheses of a group of 
demonstrated Theorems it can be said that one must be 
true, and of the conclusions that no two can be true at the 
same time, then the converse ctf every Theorem of the group 
will necessarily be true. 

I — 2 
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Obs. The simplest example of such a group is pre- 
sented when a Theorem and its obverse have been demon- 
strated, and the validity of the rule in this instance is 
obvious from the circumstance that the converse of each of 
two such Theorems is the contrapositive of the other. 
Another example, of frequent occurrence in the elements of 
Geometry, is of the following type : 

If A is greater than B, C is greater than D^ 

If A is equal to By C is equal to D, 

If A is less than B^ C is less than D, 

Three such Theorems having been demonstrated geome- 
trically y the converse of each is always and necessarily 
true. 

Rule of Identity. If there is but one A, and but one B ; 
then from the fact that A is B it necessarily follows that B 
is A. 

This is an important axiom in geometrical reasoning. De Morgan 
used to illustrate it by the following example : — 

Suppose that in a town there were only one post-office and only one 
grocer's : and that it was known that the post-office was the grocer's ; 
then it would follow that the grocer's was the post-office. 

This is called the axiom of the unique solution, or the rule of iden^ 
tity.] 

Explanation of Terms and Signs. 

A Problem is a geometrical construction to be effected 
by the aid of certain instruments. 

It has been universally agreed by Geometers to use 
only the ruler^ i. e. a straight edge, not divided, and a pair 
of compasses y in the solution of Problems. 

A Corollary is a gepmetrical truth easily deducible from 
a theorem. 
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Q. E. D. Stands for quod erat demonstrandum^ and is usu 
ally written at the end of a theorem to mark that the truth 
of the theorem has been proved. 

The parts of a Theorem are the general enunciation of 
the hypothesis and the fact to be proved, or statement in 
general language; ^t particular enunciation^ or statement of 
the hypothesis and the fact to be proved in the particular 
case exa,mined; and Reproof. 

In the proof it is frequently necessary to draw certain 
lines, or to conceive them as drawn. This is called the 
construction. 

REMARKS. 

A beginner often asks ' What is the use of Geometry ? 

The following remarks may perhaps help to shew him part at least 
of the use of it 

What is Geometry ? What is the object of the science ? 

It is not measurement^ because that may be done directly. If I want 
to find the height of a tower, I may go to the top, and let a string down 
to the bottom, and then measure the string ; but this is not geometry, 
though it is measurement. Geometry is the science of indirect measure- 
ment; in which, for example, by measuring one line we learn the 
length of another. If I measure the length of the shadow of the tower, 
and also the length of a vertical stick and its shadow, and have proved 
by geometrical reasoning, that as the length of shadow of the stick is to 
the length of shadow of the tower, so is the height of the stick to the 
height of the tower, that is, measure the height of the tower indirectly y 
this is a geometrical operation. 

Now it is plain that many measurements must be effected indirectly. 
How for example is the height of a mountain ascertained? Or how is 
the distance of the moon from the earth found out to be very nearly 
138000 miles? How do we know approximately the size of the sun, or 
the weight of some of the stars, or the velocity of light ? It is plain that 
these results must be obtained by indirect measurement ; and some of 
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them are obtained by measurement extremely indirect and circuitousi 
and consisting of a very great number of successive steps of reasoning ; 
each result, as soon as it is obtained, serving as the starting-point from 
which fresh results are attainable. 

Now Elementary Geometry gives the beginning of all such chains 
of reasoning. Tlie theorems are results which follow from the axioms, 
and, in their turn, will serve as the foundations for fresh theorems 
arranged in a long chain until questions such as those above mentioned 
can be solved. 

Every theorem therefore may be shewn to be a means of indirectly 
measuring some magnitude. In theorem 4, for example, it is proved 
iki2X AOD—COB \ that is, \iAOD is accessible, and is measured (by 
an instrument suitable for measuring angles), then it is not necessary to 
measure COB^ for you have proved that it will be the same as AOD, 

Again in Theorem 7, let ^ be a post on one bank of a river, 
By C two posts on the opposite bank; it is required to find the distance 
across the river from B to A, 

Measure BC, (which you can do, as they are both on the same bank,) 
and put up two posts E, E in sl field at the same distance apart tliat 
B is from C: measure the angle at B, that is how much, when standing 
at B, you must turn a line pointing at C till it points at A; and 
copy this angle at E : similarly measure the angle at C, and copy it at E. 
Then this theorem has proved that AB—DE ; that is if you measure 
in the field ED, you will indirectly have measured AB, 

Theorem 5 is of very great importance, and is a good illustration 
of indirect measurement. Suppose B and C are two points with an 
obstacle between them, a house or a hill for example; how is the 
distance from B to C to be measured ? This theorem tells you ; you 
may think it out for yourself. 

So with this clue to the practical application of the theorems it 
will be well to go through all of them ; finding out in each case what 
the magnitude is which is indirectly measured, or the result indirectly 
obtained ; and inventing practical questions to which each theorem 
could be applied. 



BOOK I. 



The Straight Line. 

Definitions, 

DefJ I. K point has position, but it has no magnitude. 

Def, 2. A line has position, and it has length, but 
has neither breadth nor thickness. The extremities of a 
line are points, and the intersection of two lines is a 
point 

Def. 3. A surface has position, and it has length and 
breadth, but not thickness. The boundaries of a surface, 
and the intersection of two surfaces, are lines. 

Def. 4. A solid has position, and it has length, breadth 
and thickness. 

The boundaries of a solid are surfaces. 

Def. 5. A straight line is such that any part will, 
however placed, lie wholly on any other part, if its extremi- 
ties are made to fall on that other part. 

Def. 6. A plane surface^ or plane^ is a surface in which 
any two points being taken the straight line that joins them 
lies wholly in that surface. 
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Def, 7. A plane figure is a portion of a plane surface 
enclosed by a line or lines. 

Def. 8. A circle is a plane figure contained by one line, 
which is called the circumference^ and is such that all straight 
lines drawn from a certain point within the figure to the 
circumference are equal to one another. This point is 
called the centre of the circle. 

Def. 9. A rc^ius of a circle is a straight line drawn 
from the centre to the circumference. 

Def. 10. A diameter of a circle is a straight line drawn 
through the centre and terminated both ways by the circum- 
ference. 

Def, II. When two straight lines are drawn from the 
same point, they are said to contain, or to make with each 
other, a plane angle. The point is called the vertex^ and 
the straight lines are called the armsy of the angle. 

An angle is a simple concept incapable of definition^ properly so 
called, but the nature of the concept may be explained as follows, and 
for convenience of reference it may be reckoned among the definitions. 

A line drawn firom the vertex and turning about 
the vertex in the plane of the angle from the position 
of coincidence with one arm to that of coincidence 
with the other is said to turn through the angle : 
and the angle is greater as the quantity of turning is 
greater. Since the line may turn from the one posi- 
tion to the other in Either of two ways, two angles are formed by two 
straight lines drawn from a point. These angles (which have a common 
vertex and common arms) are said to be conjugate. The greater of the 
two is called the major conjugate^ and the smaller the minor conjugate, 
angle. 

When the angle contained by two lines is spoken of without qualifica- 
tion, the minor conjugate angle is to be understood. It is seldom 
requisite to consider major conjugate angles before Book III. 
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When the arms of an angle are in the satne straight line, 
the conjugate, angles are equal, and each is then said to be 
a straight angle. 

An angle is named by a single letter at its vertex, as A : 
or by a letter at the vertex placed between letters at points 
on each of its arms, as BAC^ or CAB. 

Def. 12. When three straight lines are drawn from a 
point, if one of them be regarded as lying between the other 
two, the angles which this one (the mean) makes with the 
other two (the extremes) are said to be adjacent angles : and 
the angle between the extremes, through which a line 
would turn in passing from one extreme through the mean 
to the other extreme, is the sum of the two adjacent 
angles. 

Thus AOB, BOCaie adjacent, 
2LndA0B-hB0C=^A0C, 
also AOC" COB = AOB, 

Def. 13. The bisector of an angle is the straight line that 
divides it into two equal angles. 

Def, 14. When one straight line stands upon another 
straight line and makes the adjacent angles equal, each of 
the angles is called a right angle, 

Obs. Hence a straight angle is equal to two right 
angles; or, a right angle is half a straight angle, and a 
straight line makes with its continuation at any point an 
angle of two right angles. 

Def, 15. K perpendicular \.o a straight line is a straight 
line that makes a right angle with it 

Def, 16. An <{cute angle is that which is less than a 
right angle. 
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Def, 17. An obtuse angle is that which is greater than 
one right angle, but less than two right angles. 

Def, 18. A reflex angle is a term sometimes used for a 
major conjugate angle. 

Def, 19. When the sum of two angles is a right angle, 
each is called the complement of the other, or is said to be 
complementary to the other. 

Def, 20. When the sum of two angles is two right 
angles, each is called the supplement of the other, or is said 
to be supplementary to the other. 

Def, 21. The opposite angles made by two straight 
lines that intersect are called vertically opposite angles, 

Def, 22. K plane rectilinecU figure is a portion of a plane 
surface inclosed by straight lines. When there are more 
than three inclosing straight lines the figure is called a 
polygon, 

Def, 23. A polygon is said to be convex when no one 
of its angles is reflex. 

Def, 24. A polygon is said to be regular when it is 
equilateral and equiangular ; that is, when all its sides and 
angles are equal. 

Def 25. A diagonal is the straight line joining the 
vertices of any angles of a polygon which have not a common 
arm. 

Def, 26. ThQ perimeter of a rectilineal figure is the sum 
of its sides. 

Def, 27. The area of a figure is the space inclosed by 
its boundary. 

Def, 28. A triangle is a figure contained by three 
straight lines. 
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Def. 99. A quadrilateral is a polygon of four sides, a 
pentagon one of five sides, a hexagon one of six sides, and so 
on. 

Geometrical Axioms. 

1. Magnitudes that can be made to coincide are 
equal 

2. Two straight lines that have two points in common 
lie wholly in the same straight line. 

3. A finite straight line has one and only one point of 
bisection. 

4. An angle has one and only one bisector. 

Postulates. 
Let it be granted that 

1. A straight line may be drawn from any one point to 
any other point. 

2. A terminated straight line may be produced to any 
length in a straight line. 

3. A circle may be described from any centre, with a 
radius equal to any finite straight line. 

It wiU be seen that these postulates amount to a request to use tlie 
straight edge of a ruler, and a pair of compasses ; the latter being such 
that a distance can be carried by them from one part of the paper to 
another. 

It may be useful to have a list of the derivations of some of the 
common terms used in geometry : 

Axiom, d^lwfia, a statement deemed true. 

T'kMrgm, Betiiprifia, 

Hypothesis, ^ToOetrUf a supposition, a foundation, from drS, rlBfifu, 

Identity. Idem, identidem, the same thing. 

Geometry, 7^, lurpiwy to measure land. 

Diameter, dtd fJLtrpita^ to measure across. 
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Plane, ' Planus, level. 

Complement, Compleo, to fill up. 

Rectilinear, Recta, linea, a straight line. 

Polygon, roX^f, ^ta»io.^ many angles. 

Diagonal, Sid ywvla,^ across from angle to angle. 

Perimeter, irepl fierpiw, to measure round. 

Triangle, Ttes, angulus, with three angles. 

Quadrilateral, Quadra (quater), latus, with four sides. 

Equilateral, ^quus, latus, having equal sides. 

Pentagon, vivrt ywla^ with five angles. 

Postulate, Fostulatum, a thing requested. 

Isosceles, t<ros cKiXos, laoffKekiis, having equal legs. 

Hypotenuse, inrd rtipovaa {ypafifi-i), the line stretching across. 

Parallel. Tapdy dWrjka, alongside of one another. 

Parallelogram, Topa, 6[KKrika, ypa/i/irj, made by lines alongside of one 

another. 
Trapezium, rpd.v€l;a, a table. 
Trapezoid, TfMirei^oeiS^t, like a table. 
Orthogonal, 6p06s, ybfyla, having right angles. 
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Angles at a Point. 

Theorem i. 

A// right angles are equal to one another. 



» 
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Part. En, Let ABC, PRS be right angles ; 
it is required to prove that ABC is equal to PRS, 

Proof, If the point B were placed on the point R, and 
the line BC along the line RSy 
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then because the lines DC^ QS are straighiy 
therefore the line BD would fall along tiie line RQ ; 

(Ax. 2.) 
therefore the angle DBC coincides with, and is equal to, the 
angle QBS. (Ax. i.) 

But by Def. 14, the angle ABC is half the angle DBC\ 
and the angle PRS is half the angle QRS\ 
and the halves of equals are equal ; 
therefore the right angle ABC is equal to the right angle 

PRS. Q. E.D. 

Cor. I. At a given point in a given straight line there 
can he only one perpendicular drawn to that line. 

CoR. 2. The complements of equal angles are equal 

Cor. 3. The supplements of equal angles are equal. 

Theorem 2. 

If a straight line stands upon another straight line it 
makes the adjacent angles together equal to two right angles*. 

Fart. En. Let DB stand upon ^ 

the straight line AC] 

it is required to prove that the ad- 
jacent angles ABD^ DBC are to- / 
gether equal to two right angles. a b c 

Proof. Because ABC is a straight line, (Hyp.) 

therefore the angle ABC is equal to two right angles ; 

(Def. 14.) 
but the angle ABC is, from the figure, made up of the angles 
ABD and DBC\ (Def. 12.) 

therefore the angles ABD and DBC are together equal to 

two right angles. Q. e. d. 

• Eucl. I. 13. 
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Theorem 3. 

If the adjacent angles made by one straight line with two 
others are together equal to two right angles^ these two straight 
lines are in one straight line*. 

Part, En, Let the adjacent 
angles DBA, DBC made by BD 
with the two straight lines BA, BC 
be together equal to two right 
angles ; 

it is required to prove that AB^ BC are in one straight line. 

Proof, Because DBA and DBC are together equal to 
two right angles j (Hjrp. ) 

and DBA and DBC, from the figure, make up the angle 
ABC\ 

therefore ABC is an angle of two right angles ; 
and therefore ABC is a straight line. (De£ 14.) Q. e. d. 

Theorem 4. 

If two straight lines cid one another the vertically opposite 
angles will he equal to one another. 

Part, En, Let the straight lines 
AOBy DOC cut one another, and 
let AODy BOC be vertically oppo- 
site angles ; 

it is required to prove that the angle 
AOD is equal to the angle BOC, 

Proof, Because AOB is a straight line ; (Hyp.) 

therefore the angles AOC and COB are together equal to 
two right angles. (Th. 2.) 

* Eud. I. 14. 
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And again because DOC is a straight line j (Hyp.) 

therefore the angles AOC and AOD are together equal to 
two right angles. (Th. 2.) 

Therefore the angles AOC and COB are equal to the 
angles -4 (PC and AOD, 

Take away the common angle AOC\ 
therefore the angle COB is equal to the angle AOD*, 

Q. £. D. 

CoR. 7^ sum of all the angles made by any number of 
lines taken consecutively which meet at a point is four right 
angles'^. 



Exercises on Angles. 

1. If two straight lines intersect at a point, and one of 
the four angles is a right angle, prove that the other three 
are right angles. 

2. Thvo straight lines meet at a point. Are the angles 
at that point together equal to four right angles ? 

3. If the four angles made by four straight lines which 
meet at a point are all right angles, prove that the four 
lines form two straight lines. 

4. If five lines meet at a point and make equal angles 
with one another all round that point, each of the angles is 
four-fifths of a right angle. 

5. Of two supplementary angles the greater is double 
of the less; find what fraction the less is of four right angles. 

6. Twelve lines meet at a point so as to form a regular 
twelve-rayed star: find the angle between consecutive rays. 

£ucl. I. 15. t £ucl. I. 15. Cor. 



• V, 
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7. If four straight lines OA^ OB^ OQ OD meet at a 
point, and AOB^COD, and BOC^DOA, prove that 
AOC^ BOD are straight lines. 

8. Prove that the bisectors of adjacent supplementary 
angles are at right angles to one another. 

9. Find the angle between the bisectors of adjacent 
complementary angles. 

10. Prove that the bisectors of the four angles which 
one straight line makes with another form two straight lines 
at right angles to one another. 

11. If four lines AO, BO^ COy DO meet at a point O, 
and the angles AOBy COD are given equal, and also AO^ 
CO are given as being in the same straight line; prove that 
BO and DO^ if on opposite sides of AOC^ are also in the 
same straight line. 

12. If the comer of the page of a book be folded down 
so as to form an oblique crease, prove that the bisector of 
the angle between the parts of the edge that meet at the 
crease will be at right angles to the crease. 
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QUESTIONS ON SECTION I. 



I. What is meant by the Elemoits of Plane Geometry ? 

I, Explain the tennd axioms thecn-em^ converse^ contraposiiive^ giving 
e3aunples of each. 

3. State the Geometrical Axioms. 

4. What is meant by the axiom of the rule of Identity ? 

5. State the &ct that "all geese have two legs" in the form of a 
theorem, with hypothesis and conclusion ; and write down its obverse, 
converse^ and oontrapodtive theorems. 

6. Define a plane surface, and give the test by which a surface is 
ascertained to be or not to be plane. 

7. On what does the magnitude of an angle depend? Shew that 
its magnitude does not depend on the length of the arms. 

8. What is meant by saying that two points determine a stra^ht 
line? 

g. What are adjaceni angles ; supplementary angles ; re/lex angles ? 

la Shew how to find the sum and difference of two straight lines : 
and prove that their sum and difference together are double of the 
greater of the two straight lines. 

II. Given the sum and difference of two straight lines; find the 
lengths of the straight lines. 

IS. Enunciate and prove the obverse and converse of Theorem 4. 
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SECTION II. 

Triangles. 

Def, 30. An isosceles triangle is that which has two 
sides equal. 

JDef. 31. A right-angled triangle is that which has one of 
its angles a right angle. An obtuse-angled triangle is .that 
which has one of its angles an obtuse angle. All other 
triangles are called acute-angled triangles. 

Def, 32. A triangle is sometimes regarded as standing 
on a selected side which is then called its bcLse^ and the 
intersection of the other two sides is called the vertex. 
When two of the sides of a triangle have been mentioned, 
the remaining side is often called the base, 

^rf' 33- The side of a right-angled triangle which is 
opposite to the right angle is called the hypotenuse, 

Def, 34. Figures that may be made by superposition 
to coincide with one another are said to be identically 
equal ; and every part of one being equal to a correspond- 
ing part of the other, they are said to be equal in all 
respects. 

Theorem 5. 

If two triangles have two sides of the one equal to two 
sides of the other ^ each to each^ and have likewise the angles 
contained by these sides equals then the triangles are iden- 
tically equals and of the angles those are equal which are op- 
posite to the equcU sides. 
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Part. En. Let the two triangles BA C, EDF have two 
sides of the one equal to two sides of the other, each to 
each, and likewise the included angles equal, viz. 

A 





BA^ED, 

AC^DF, 
and the included angle BAC== the included angle EDF-, 
it is required to prove that the triangles are equal in all 
respects, 

viz. the base BC equal to the base EFy and the angle B to 
the angle Ey and the angle C to the angle F^ and the area 
. ABC to the area DEF 

Proof. If the point A be placed on the point Z>, 
and the line AB were placed along DE, 
then because the angle BA C- the angle EDF^ (Hyp.) 

therefore the line A C would lie along DF. 

And because AB = DEy (Hyp.) 

therefore the point B would coincide with the point E. 

And because A C= DF\ (Hyp.) 

therefore the point C would coincide with the point F. 

Therefore BC would coincide with EF^ (Ax. 2.) 

and therefore BC= EF\ (Ax. i.) 

and the angles B and C respectively coincide with and are 
equal to the angles E and F^ 

and the area of the triangle BAC coincides with and is 
equal to the area of the triangle EDF*. Q. e, d. 

* EucL I. 4. 

2 — 2 
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Theorem 6. 

The angles at the base of an isosceles triangle are equal to 
one another*. 

Part. En. Let ABC be an isosceles triangle, having 
the side AB equal to the side AC\ 

9 

it is required to prove that the angle B is equal to the 
angle C. 



Proof. Let AX be the bisector of the angle BA C, 

(Ax. 4.) 
meeting the base BCinX. 

Then in the triangles BAX^ CAX we have 

BA^AC, (Hyp.)l 

AX common, 
and the included angle BAX= the included angle CAX. 

(Hyp.)' 

Therefore the triangles are equal in all respects, (Th. 5.) 
that is, the angle at -5 = the angle at C. q. e. d. 

Cor. I. If the equal sides be produced the angles on the 
other side of the base will be equal. 

CoR. 2, If a triangle is equilateral it is also equU 
angular. 

♦ Eud. L 5. 
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Theorem 7. 

If two triangles have one side of the one equal to one side 
of the other^ and the angles at the extremities of those sides 
equals each to each, then the triangles are equal in all respects^ 
those sides being equcU which are opposite to the equal 
angles *. 

Part. En. Let the triangles ABC^ DEFhsLVQ 





BC^EF, 
the angle -5 = the angle E^ 
,and the angle C=the angle F\ 

it is required to prove that the triangles are equal in all 
respects. 

Proof For if the point B were placed on the point E^ 
and the line BC along the line EF\ 
then because BC=EF^ 
therefore the point C would fall on F. 

And because the angle B = the angle -ff, 
therefore the line BA would fall along the line ED. 

And because the angle C=the angle Fy 
therefore the line CA would fall along the line FD : 
therefore the point A would fall on the point Z), 
since two straight lines can intersect in one point only ; 

(Ax. 2.) 
and therefore the triangles coincide and are equal in all 
respects, AB being equal to DE^ AC to DF^ and the 

• Eucl. I. a6. Part i. 



(Hyp.) 

I 

(Hyp.) 
(Hyp.) 
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angle A to the angle Z?, and the area ABC to the area 

DEF, Q. E. D. 

Theorem 8. 

If the angles at the base of a triangle are equal to one 
another y the triangle is isosceles*. 

Fart. En. Let the two angles B and C of 
the triangle ABC be equal; it is required to 
prove that AB = AC. 

B 

Froof If the triangle were taken up and re- 
versed and replaced, so that the point C fell where 
B was, and the line CB along the line BC, then B would 
fall where C was. 

And because the angle C= the angle B^ (Hyp.) 

the line CA would lie along BA, and BA along CA ; 
therefore the point A would coincide with its former posi- 
tion, and the lines ACy AB would coincide with the lines 
AB, AC. 

Therefore AB = AC Q. e. d. 

CoR- If a triangle is equiangular, it is also equilateral. 

Theorem 9. 

If any side of a triangle be produced, the exterior angle 
will be greater than either of the interior and opposite angles. 

Fart. En. Let ABC be a triangle, and let one of its 

sides BChe produced to I> ; 

it is required to prove that the exterior angle A CD is 

greater than either of the interior and opposite angles CAB 

or ABC. 

• Euclid, I. 6. 
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Proof. Firstly to prove XkaXACD is greater than SAC, 
Let ACht bisected in E. (Ax. 3.) 

A 




(Constr.)^ 

(Constr.)> 

(Th. 4.)J 

(Th. 5.) 



Join BEy and produce it to F, making EF- EB. And 
join FC, 

Then in the triangles AEB, CEFwq have 

AE = EC, 
BE^EF, 
and the contained angles AEB, CEF^x^ equal; 

therefore the triangles are equal in all respects ; 
and therefore the angle EAB = the angle ECF. 

But the angle ECD is greater than ECF\ 
therefore the angle ECD is also greater than EAB. 

Again, if ^C is produced to G, and j9C is bisected, it 
may be similarly shewn that BCG is greater than ABC\ 

but BCG is equal to ACD, 

therefore ACD is also greater than ABC', 

that is, the exterior angle ACD is greater than either CAB 

or ABC*. Q. E, D. 



Theorem 10. 

The greater side of every triangle has the greater angle 

opposite to it. 

• Euclid, 1. 16. 
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Part, En. Let ABC be a triangle havmg AC greater 
than^^; 




B C 

it is required to prove that the angle ABC is greater than 
the angle ^C^. 

jPraqf. From A C cut off AD = AB ; and join I>B. 
Because AD = -<4j5 ; (Constr.) 

therefcMre the angle ABD = the angle ADB. (Th. 6.) 

But because ADB is the exterior angle of the triangle 
BDQ 

therefore the angle ADB is greater than the angle ACB; 

(Th. 9.) 
therefore also the angle ABD is greater than the angle A CB : 
much more then is the angle ABC greater than the angle 
A CB*. Q. E. D. 

Theorem ii. 

21ke greater angle of every triangle has the greater side 
opposite to it. 

Fart. En. Let ABC be a triangle 
in which the angle B is greater than 
the angle C; 

it is required to prove that the side -4 C 
is greater than the side AB. 

Proof. For AC must be either equal to AB^ or less 
than AB^ or greater than AB, 

♦ Euclid, I. 18. 
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But AC is not equal to AB, for then the angle B would 
be equal to the angle C (Th. 6.) 

Nor is ^Cless than AB^ 
for then the angle B would be less than the angle C. (Th. lo.) 

Therefore AC is greater than AB*. q. e. d. 



Theorem 12. 

Any two sides of a trian^ are together greater than the 
third side. 

Part. En. Let ABC be a triangle ; it is required to 
prove that AB and BC are together greater than AC 




Proof. Produce AB to Z>, making BD = BC\ 
join DC. 

Then because BD « BC, (Constr.) 

therefore the angle BCD = the angle BDC. (Th. 6.) 

But the angle ACD is greater than the angle BCD ; 
therefore the angle ACD is greater than the angle ADC; 
and therefore AD is greater than A C. (Th. 1 1.) 

But AD is equal to AB and BC together, 
therefore AB and BC are together greater than ACf. q.e.d. 

Cor. The difference of any two sides of a triangle is less 
than the third side, 

* Euclid, I. 19. t Euclid, 1. 10. 
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Theorem 13. 

If from the ends of the side of a triangle two straight linei 
he drawn to a point within the triangle^ these shall be less 
than the other two sides of the triangle^ but shall contain a 
greater angle. 

Fart En. Let ACB be a triangle, and from the ends 
of the side AB let two straight lines AP^ BP be drawn 
to a point P within the triangle; it is required to prove 
that AP and PB are less than A C and CB^ but the angle 
APB greater than the angle ACB. 

Proof. Produce AP to meet BC in Q. 

Because any two sides of a triangle 
are together greater than the third side, 

(Th. 12.) 
therefore A C and CQ are greater than A Q ; 

add to each QB ; 

therefore AC and CB are greater than AQ and QB. 

Again, because PQ and QB are greater than PB ; 

(Th. 12.) 
add to each AP; 

therefore A Q and QB are greater than AP and PB ; 

but -^Cand CB are greater than AQ and QB; 

much more then are ACsxid CB greater than AP and PB, 

Again, because APB is the exterior angle of the tri- 
angle PQB : 

therefore the angle APB is greater than the angle PQB; 

(Th. 9.> 

and because PQB is the exterior angle of the triangle ACQ; 
therefore the angle PQB is greater than the angle ACQ; 

(Th. 9.) 
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but the angle APB is greater than the angle PQB ; 

much more then is the angle APB greater than the angle 

ACB\ Q.E.D. 

Theorem 14. 

If two triangles have two sides of the one equal to two 
sides of the other ^ each to each^ but the included angles unequal^ 
their bases are unequal^ the base of that which has the greater 
angle being greater than the base of the other \, 

Part. En. Let ABC^ DEF be two triangles, having 

AB^DE, 
AC=^DF, 
but the included angle BAC greater than the included 
angle EDF\ 

A O 





it is required to prove that the base BC is greater than 
the base EF 

Proof Place the point A on Dy and AB along DE ; 
then because AB = DE^ (Hyp.) 

therefore the point B will fall on the point E \ 
and because the angle BA C is greater than the angle EDFy 
the line A C will fall outside DF, as DG ; (Hyp.) 

and BC will fall as EG. 

Let jDJI be the bisector of the angle FDG^ (Ax. 4.) 
meeting EG in H. 

* Euclid, I. a I. f Euclid, I. 24. 
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Join FH. 

Then because in the triangles FDH^ GDH, we have 

FD^GD, (Hyp.)i 

DH common, 
and the included angle FDH^ the included angle GDHy 

(Constr.) 
therefore HF^ HG ; (Th. 5.) 

and therefore FIT and If F together are equal to EG. 
But BIT and ZT-F together are greater than £F; (Th. 12.) 
therefore £G or BC is greater than £F, q. e, d. 

Theorem 15. 

If two triangles have the three sides cf the one equal to 
the three sides of the oiher^ each to eachy then the triangles 
are identically equals and of the armies those are equal which 
are opposite to equal sides*. 

Part. En. Let ABC^ DEFht two triangles 
which have AB = DE; 

BC^EF, 

CA = FD,\ 
then shall the triangles be equal in all respects. 

Proof The angle BAC must be either equal to EDF^ 
or greater than EDFy or less than EDF. 

But BA C is not greater than EDF\ 

for then the base BC would be greater than the base EF. 

(Th. 14.) 
Nor is BAC less than EDF\ 

for then the base BC would be 1q3s than the base EF\ 

(Th. 14.) 
therefore the angle BAC is equal to the angle EDF. 

Q. E. D. 
* EucL I. .8. 
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Aitemaiive Proof. 

If the point 3 were placed on E^ and BCwext placed 
along EF^ then because BC^EF (Hyp.), therefore the 




pomt C would fall on F\ and let the triangles BA C, EDF 
fall on opposite sides of EF; BA, AC falling as EG^ 
GFy and the angle BACzs EOF. Join DG. 

Then because EG = EDy (Hyp.) 

therefore the angle EDG « the angle EGD : (Th. 6.) 

and because FG = irZ>, (Hyp. ) 

therefore the angle FDG = the angle FGD : (Th. 6.) 

therefore the whole angle EDF^ the whole angle EGF\ 
but . EGF^BAC; (Constr.) 

therefore EDF» BA C \ 

and therefore the triangles BAC^ EDF are equal in all 
respects. (Th. 5.) q. e, d. 

Note. The student should examine for himself the 
cases in which DG passes through an extremity of the base, 
and passes outside the base. 

Theorem 16. 

If two triangles have two sides of the one equal to two sides 
of the other y each to each^ but the base of the one is greater 
than the base of the other ^ then the angle contained by the sides 
of that which has the greater base is greater titan the angle 
contained by the sides of the other. 
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Pali, En. Let BAC^ DEF be two triangles which 
have BA = DE, 

AC=EF, 
but the base -5C greater than the base DF\ 



j 





it is required to prove that the angle BAC is greater than 
the angle JDEF. 

Proof, For the angle BAC must either be equal to the 
angle DEF^ or less than the angle DEF^ or greater than 
the angle DEF. 

But the angle BAC is not equal to the angle DEF^ 
for then the base BC would be equal to the base DF\ 
but it is not (Th. 5.) 

Nor is the angle BAC less than the angle DEF^ 
for then the base BC would be less than the base DF\ 
but it is not. (Th. 14.) 

Therefore the angle BAC mu^t be greater than the 
angle DEF*, q. e. d; 

Theorem 17. 

Jf two triangles have two angles of the one equal to two 
angles of the other ^ each to each^ and have the sides opposite 
to one of the equal angles in each equals then the triangles are 
equal in all respects^ those sides being equal which are opposite 
^ the equal angles. 

* Euclid L 45. 
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Part, En, Let the two triangles ABC, DEF have the 
two angles 

ABC^DEF, 
ACB=^DFE, 
and the side AB=^\kit side DE\ 





G r 



it is required to prove the triangles are equal in all respects. 

Froo/, Let the point A be placed on the point Z>, and 
AB along DE, 

then because AB = I?E, (Hyp.) 

therefore the point B will fall on the point E, 

And because the angle ABC is equal to the angle 
£>EF, (Hyp.) 

therefore the line BC will lie along EF 

And the point C will fall on F, for if it fell otherwise as G, 

then, since the angle A CB is equal to the angle EFD, (Hyp.) 

the angle EGD would be equal to the angle EFD, the 
exterior angle equal to the interior and opposite, which is 
impossible; (Th. 9,) 

therefore the triangles would coincide and are equal in all 
respects, AC being equal to DF, BC to EF, and the 
angle BA C to the angle EDF*. q. e. dl 

* Eucl. I. «6, Part 1. 
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Theorem i8. 

Any two angles of a triangle are together less than two 
right angles. 




Fart. En. Let ABC be a triangle, it is required to 
prove that any two of its angles ABC and ACB are to- 
gether less than two right angles. 

Proof. Produce the side BC to D. 

Then because the exterior angle A CD is greater than 
the interior and opposite angle ABC] (Th. 9.) 

add to each the angle A CB ; 

therefore the two angles AC£> and ACB are greater than 
the two ABC and A CB. 

But ACjD and ACB are together equal to two right 
angles; (Th. 2,) 

therefore ABC and ACB are together less than two right 
angles*. Q. e. d. 

Cor. I. If one angle of a triangle is right or obtuse^ 
the others are acute. 

CoR. 2. From a given point outside a given straight line^ 
only one perpendicular can he drawn to that straight line. 

• Euclid, 1. 17. 
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Theorem 19. 

Of all the straight lines that can be drawn from a given 
point to meet a given straight line, the perpendicular is the 
shortest; and of the others, those making equal armies with the 
perpendicular are equal; and that which makes a grecUer angle 
with the perpendicular is greater than that which makes a less. 




Part, En. Let O be the given point, and AB the 
given straight line, and let OF be the perpendicular, OQ 
an oblique ; 

it is required to prove first that OF is less than OQ, 

Proof Since any two angles of a triangle are together 
less than two right angles; (Th. 18.) 

therefore OFQ and OQF are together less than two right 
angles : 

but OFQ is a right angle ; (Hyp.) 

therefore OQF is less than a right angle. 

And in the triangle OQF^ since the angle OFQ is 
greater than the angle OQF; 
therefore OQ is greater than OF. (Th. 11.) 

Again, let OS, ' OF be obliques making equal angles 
with the perpendicular OF; 

it is required to prove that OF- OS. 

Because in the triangles FOF, FOS 
w. 3 
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the angle OFR=OFS, being right angles, | (Hyp.) 

and the angle FOR = FOS, I (Hyp.) 
and FO is common ; J 

therefore the triangles are equal in all respects, (Th. 7.) 
and therefore OR = OS. 




A R Q P S D 

Lastly, let OR make a greater angle with the perpen- 
dicular than OQ; 

it is required to prove that OR is greater than OQ, 

Because OQR is the exterior angle of the triangle OQF; 

therefore OQR is greater than OFQ ; (Th. 9.) 

but OFQ is a right angle ; (Hyp.) 

therefore OQR is an obtuse angle ; 

therefore ORQ is an acute angle, and less than OQR; 

(Th. 18.) 
and therefore OR is greater than OQ, q. e. d. 

Cor. JVo^ more than two equal straight lines can be drawn 
from a given point to a given straight line. 

Theorem 20. 

Jf two triangles have two sides of the one equal to two 
sides of the other, each to each, and the angles opposite to two 
equal sides equal, the angles opposite to the other two equal 
sides are either equal or supplementary, and in the former case 
the triangles are equal in all respects. 
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Part, Efu Let ABC, DEFht the two triangles, having 
the sides BA^ A C equal to the sides ED^ DF respectively, 
and having also the angle B = the angle E ; 

it is required to prove that the angle C is equal or supple- 
mentary to the angle E; and that when the angle C is equal 
to the angle E, the triangles are equal in all respects. 





IB G 



Proof, The contained angle A must be either equal or 
unequal to the contained angle D. 

If -^4 = 2>, as in Fig. i, then, by Theorem 5, the tri- 
angles are equal in all respects ; and the angle C is equal to 
the angle F. 

If A is not equal to Dy as in Fig. 2, let the point A be 
placed on D^ and AB along DE^ 

then, because AB = DE^ (Hyp.) 

the point B will coincide with the point E ; 

and because the angle at -^ = the angle at E^ (H}^.) 

therefore the line BC will lie along EFy 
and the point C will fall on EF2& G : 

and because AC- DF, (Hyp.) 

therefore JDG^^JDF, 

and therefore the angle £>FE = lh& angle DGF-, (TL 6.) 

but DGF is supplementary to DGE, that is, to ACBy and 

therefore the angle i^is supplementary to the angle C, 

Q. £. D. 

3—2 
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Cor. Hence the triangles are equal in all respects — 

(i) If the two angles given equal are right angles or 
obtuse angles. 

For then the remaining angles must be acute, and there- 
fore cannot be supplementary, and must therefore be equal 
by the Theorem, and therefore the triangles must be equal 
in all respects. 

(2) If the angles opposite to the other two equal sides are 
both acute ^ or both obtuse^ or if one of them is a right angle, 

(3) If the side opposite the given angle in each triangle is 
not less than the other ^ven side. 

For then the given angles must be the greater of the 
two, and therefore the remaining angles must be both acute, 
and therefore cannot be supplementary, and must therefore 
be equal, by the Theorem, and therefore the triangles must 
be equal in all respects. 

Exercises on Theorems of Equality. 

The general method to be adopted in the solution of theorems of 
equality is the following. Examine fully the statement of the question ; 
see what is included among the data : what lines and angles are given 
equal by hypothesis. Then see what is required to be proved, what 
lines or angles have to be proved to be equaL It may follow from the 
properties proved of a single triangle ; or it may depend on the equality 
of a pair of triangles. In the latter case examine the triangles of which 
they form corresponding parts, and see whether the data are sufficient to 
prove these triangles equaL If the data are sufficient, the Solution is 
effected by comparing the triangles, and shewing the required equality 
of the lines and angles; if not, the data must be used to establish 
results, which in their turn can be used to establish the conclusion 
required. 

The beginner will do well to arrange his proofe in the manner shewn 
in the example, giving references in the margin. 
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Exercises. 

Ex. (i). The lines which bisect the angles at the base of an isosceles 
triangle^ and meet the opposite sides^ are equal. 

Let ABCht an isosceles triangle. 

Data, AB—AC^ and the angles at B and C 
bisetted by BD, CE, 




Proof. In the triangles A CE, ABD we have 

AC=AB, (Hyp. 

angle at A common, 
and angle ^Ci£= angle ABD, (Hj^. and Th. 

Therefore the base C-£=the base BD, (Th. 7.) Q. e. d. 

Ex. (2). The bisectors of the three angles of a triangle will meet in 
one point. 

Let ABC be a triangle, and let the bisectors of the angles ABC, 
ACB be BO, CO, meeting in 0\ then the Theorem will be proved if 
we can shew that ^0 is the bisector of the angle BAC, 

Let perpendiculars OP, OQ, OP be drawn to 
the three sides BC, CA, AB, 

P/oof, In the triangles OQC, OPC we have 
OQC=OPC, (Constr.)] 
OCQ^OCP, (Hyp.)/- 
OC common. ) 

Therefore 0^= O/* by Theorem 17. 

Similarly from the triangles OPB^ ORB, it follows that OP=0R\ 
therefore C?^=C?Q; 

and therefore the right-angled triangles OQA, ORA have the hypo- 
tenuse and one side of the one equal to the h3rpotenuse and one side of 
the other, and are therefore equal in all respects by Theorem 30, Cor. 1. 

Therefore the angle d>^Q=the angle OAR, that is, OA is the 
bbector of the angle BAC* 
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Exercises for Solution. 

1. OA and OB are any two equal lines, and AB is 
joined; shew that AB makes equal angles with OA and 
OB. 

2. If the bisectors of the equal angles ^, C of an 
isosceles triangle meet in O, shew that OBC is also- an 
isosceles triangle. 

3. The line drawn to bisect the vertical angle of an 
isosceles triangle will also bisect the base, and be perpen- 
dicular to it 

4. The lines joining the middle points of the sides of 
an isosceles triangle to the opposite extremities of the base 
will be equal to one another. 

5. The line drawn from the vertex of an isosceles 
triangle to bisect the base will cut it at right angles, and 
bisect the vertical angle. 

6. Prove that the lines which bisect the sides of a 
triangle and are perpendicular to them meet in one point 

7. The perpendiculars let fall from the extremities of 
the base of an isosceles triangle upon the opposite sides will 
be equal, and will make equal angles with the base. 

8. The perpendicular let fall from the vertex of an 
isosceles triangle to the base, will bisect the base and the 
vertical angle. 

9. If two exterior angles of a triangle be bisected by 
straight lines which meet in O, prove that the perpendiculars , 
from O on the sides or sides produced of the triangle are. 
equal to one another. 
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Exercises on Theorems of Inequality. 

The line that joins the vertex to the middle point of the base of a 
trian^e is less than halfthi sum of the two sides. 

Let Z? be the middle point of AC, 
then is BD less than half the sum of 
ABy BC. 

Ptoof Produce BD fo ff^ making 
DB'=DB, 'iomAB'. 

Then since the two triangles BDCy 
B'DA have two sides BD, DC and the / 

included angle BDC of the one respec- / ; 

tively equal to the two sides B*Dy DA / / 

and the included angle BDA of the //' 

other, therefore (Theorem 5) the base /' 
^C= the base ^^5*; ^' 

but B'A+AB>B'B, (Th. 12.) 

.-. AB+BC>B'By which is twice BD, 

that is, BD is less than half the sum of BC and BA, 




Exercises for Solution. 

X. Prove that any one side of a four-sided figure is less 
than the sum of the other three sides. 

2. Prove that the sum of the lines which join the op- 
posite angles of any four-sided figure is together greater than 
the sum of either pair of opposite sides of the figure. 

3. Prove that the sum of the diagonals of a quadri- 
lateral figure is less than the sum of the four lines which 
can be drawn to the angles from any other point than the 
intersection of the diagonals. 
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4. O is any point within the triangle ABC\ prove that 
OA + OB + OC are less than the sum and greater than half 
the sum of AB + BC-^ CA. 

5. Prove that the sum of the four sides of a quadrilateral 
figure is greater than the sum and less than twice the sum 
of the diagonals. 

6. If ABC is a triangle in which AB is greater than 
AC, and D is the middle point of BC, and AB is joined, 
prove that the angle ADB is an obtuse angle. 

7. Prove that the sum of the three sides of a triangle 
is greater than the sum of the three medians. 

Note. The median of a triangle is the line tliat Joins 
any angle to the middle point of the opposite side, 

8. Prove that the sum of the three medians of a triangle 
is greater than half the sum of the sides. 



QUESTIONS ON SECTION II. 

1. Give the meaning and derivation of the words triangle ^ peri" 
metery isosceles^ equilateral^ hypotenuse^ median, 

2. Ji a triangle is isosceles, the angles at its base will be equal 
Enunciate the obverse, converse and contrapositive theorems. 

3. Apply Theorem 7 to find the height of a tower. 

4. Prove Theorem 6 in the manner of Theorem 8. 

5. Why cannot Theorem 15 be proved in the same manner as 
Theorem 5 ? 

6. Prove that only one perpendicular can be drawn firom a given 
point to a given straight line. 

7. Prove fully the corollary to Theorem 19. 

8. Enumerate the five cases in which the equality of three parts in 
a pair of triangles involves the equality in all respects. 
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9. Mention cases, and draw the figures, in which two triangles are 
equal in three respects but not in alL 

10. Prove fiilly the corollaries to Theorem 30. 

1 1. Prove Theorem 19 by conceiving the figure to be folded down 
over the line AB, O felling on a pwnt (/, and RO, QO, PO^ on ROy 
QO', F0\ and using Theorems 12 and 13. 

13. In Theorem 9, prove fully that ACD is greater than ABC. 

13. Why is it necessary, in the enunciation of Theorem 9, to say 
interior and opposite angles? 

14. What is the magnitude indirectly measured in Theorem 9 ? 

15. Enunciate Theorem 10 formally. Is it merely the obverse of 
Theorem 6, or does it contain an additional geometrical fact ? 

16. Prove Theorem 10 by reversal and superposition, using Theo- 
rem 9. 

17. Shew how Theorem T3 depends ultimately on the Axioms. 

18. Which Theorem in this Section proves that as you increase the 
angle between the legs of a pair of compasses you also increase the 
distance between their points ? 

19. Shew the relation of Theorems 14, 15 and 16 to Theorem 5. 
ao. Enunciate the contra-poidtives of Theorems 9 and 18. 
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SECTION III. 

Parallels and Parallelograms. 

^rf* 35* -P^^^^^^f/ straight lines are such as are in the 
same plane and being produced to any length both ways do 
not meet. 

Axiom 5. Two straight lines that intersect one another 
cannot both be parallel to the same straight line. 

Def, 36. A trapezium is a quadrilateral that has only 
one pair of opposite sides parallel. 

This figure is sometimes called a trapezoid, 

Def. 37. A parallelogram is a quadrilateral whose 
opposite sides are parallel. 

Def, 38. When a straight line intersects two other 
straight lines it makes with them eight angles, which have 
received special names in relation to one another. 

Thus in the figure i, 2, 7, 8 are 
called exterior angles, and 3, 4, 5, 6, 
interior angles; again, 4 and 6, 3 
and 5, are called alternate angles ; 
lastly, I and 5, 2 and 6, 3 and 7, 
4 and 8, are called corresponding 
angles. 

Def, 39. The orthogonal projection of one straight line on 
another straight line is the portion of the latter intercepted 
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between perpendiculars let fall on it from the extremities of 
the former. 

Thus the projections of AB^ CD on EF are the lines 
ab^ cd respectively. 




It is clear that the line EF must be supposed in- 
definitely long. There could be no projection of AB ori 
the terminated line GF, 



Theorem 21. 

If one straight line intersects two other straight lines so as to 
make the alternate angles equal, the straight lines are parallel 

Part En. Let A BCD intersect EF and GIT, and 
make the angle EBC equal to its alternate angle BCH\ 
it is required to prove that jE^is parallel to GH. 




Proof. For if EF and GH meet towards F, H, they 
would form a triangle with BC\ 
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and EBC would be its exterior angle, and therefore greater 
than the interior and opposite angle BCH. (Th. 9.) 

But EBC is equal to BCH, (Hyp.) 

therefore .57^ and GH^o not meet towards Fy IT, 

Similarly they do not meet towards E^ G ; 
that is, EEis parallel to GE*, (Def. 35.) q. e. d. 

Theorem 22. 

If two straight lines are parallel^ and are intersected by a 
third straight line, the alternate angles are equal f. 

Fart. En, Let EF and GIT be parallel straight lines, 
and let A BCD intersect them ; 

it is required to prove that the alternate angles EBC, BCH 
are equal. 




Froof. For if EBC were not equal to BCJI, 
let some other line LBM be drawn through B making the 
angle LBC equal to the alternate angle BCH', 
then ZJ/ would be parallel to GH. (Th. 21.) 

But EFis parallel to GH] (Hyp.) 

that is, two intersecting lines LM, EF would be both 
parallel to GH', which is impossible. (Ax. 5.) 

Therefore EBC is equal to BCH, that is, the alternate 
angles are equal q. e. d. 

* Euclid, I. 27. t Euclid, I. 29. 
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Theorem 23. 

If a straight line intersects two other straight lines and makes 
either a pair of aUemate angles equals or a pair of correspond- 
ing angles equal, or a pair of interior angles on the same side 
supplementary ; then, in each case, the tivo pairs of alternate 
angles are equal, and the four pairs of corresponding angles are 
equal, and the two pairs of interior angles on the same side 
are supplementary. 




Part, En, Let the straight line A BCD intersect the 
two straight lines EF, GH, and make the alternate angles 
EEC, BCH equal; then will the other alternate angles 
FBC, BCG be equal, and the four pairs of corresponding 
angles be equal, and the two interior angles on the same 
side be supplementary. 

Because EEC = BCH, (Hyp.) 

and EBC= ABE being vertically opposite angles, (Th. 4.) 

therefore ABE ^ BCH \ 

therefore also their supplements, the angles ABE and 
BCG are equal. 

Therefore also the angles which are respectively 
vertically opposite to these angles are equal, 

that is, the angle CBF^ DCH, 

and EBC^ GCD. 
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Again, because the angle EBC^^t alternate angle 
BCffdi^d. to each the angle CBF\ 

therefore the two angles EBC^ CBF are equal to the two 
CBF, BCH\ 

but the two EBC^ CBF are together equal to two right 
angles ; 

therefore the two CBF^ BCH are together equal to two 
right angles. 

And in the same way it may be shewn that if two 
corresponding angles are given equal, or if two interior 
angles on the same side are supplementary, then the alternate 
angles will be equal. 

Cor. Hence if two parallel straight lines are intersected 
by a third straight line, the corresponding angles are equal , and 
the interior angles on the same side are supplementary ; and 
conversely. 

Theorem 24. 

Straight lines which are parallel to the same straight li?ie 
are parallel to one another*. 

Part, En, Let A and B be each of them parallel to X, 
it is required to prove that A is parallel to B, 

Proof, If A intersected B^ then two intersecting lines, 

A 



A^ B would each be parallel to a third line X, which is im- 
possible, by Axiom 5. 

Therefore A does not intersect B^ 
that is, A is parallel to B, q. e. d. 

* Euclid, I. 30. 
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Remarks. 

It must be observed that two parallels, and a straight line inter- 
secting them, are a special case of the triangle, the vertex, or inter- 
section of two of the lines, being removed to an infinite distance. In 
Th. 9 it was proved that the exterior angle of a triangle is greater than 
the interior and opposite angle : from which the contra-positive theorem 
(Th. 21 ) logically follows, that if the exterior angle is equal to the 
interior and opposite angle, the lines do not form a triangle. 

Theorem 23 is in fact proved by the rule of identity (p. 4). 

Since there is only one straight line through B that makes the 
alternate angles equal ; 

and only one straight line through B that is parallel to GH\ (Ax. 5. ) 

and the line that makes the alternate angles equal is the parallel ; 

(Th. 21.) 
therefore the parallel makes the alternate angles equal. 



Theorem 25. 

If one side of a triangle be produced 
the exterior angle will be equal to the 
two interior and opposite angles^ and the 
three interior angles of a triangle are 
together equal to two right angles. 

Let one side BC oi the triangle ABC be produced 
to D\ then shall the angle -^CZ> = the sum of the angles 
ABC, CAB; and the three angles ABC, BCA, CAB 
shall be together equal to two right angles. 

JProof For if through C a line ClfyftTQ drawn parallel 
to^^, 

the angle JICD= the corresponding angle ABC, (TL 22.) 
and the angle ACH= the alternate angle BAC\ (TL 22.) 
.*. the whole angle ^C!Z? = the two angles ABC+ BAC^ 




c D 
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Again, if A CB be added to these, 
the two angles ACD-^-ACB^Hcat three angles ABC + 
BCA + CAB. 

But ACn-¥ACB = two right angles ; (Th. 4. ) 

therefore ABC + BCA + CAB = two right angles*, q. e. d. 

Cor. In a right-ar^led triangle the two acute angles 
together make up one right angle. 



Theorem 26. 

The interior angles of any polygon are together less than 
twice as many right angles as the figure has sides by four right 
angles. 

Part, En, Let ABCDE be any polygon; it is re- 
quired to prove that its interior angles are together less 
than twice as many right angles as the figure has sides by 
four right angles. 

A 




Proof, Take any point O within the polygon ; and join 
OA, OBy OC, ODy OE. 

Then there are as many triangles having ^ as a common 
vertejp as the figure has sides. 

And, since the interior angles of a triangle are equal to 
two right angles; (Th. 25.) 

• Euclid, I. 3a. 
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therefore all the angles of all the triangles are equal to 
twice as many right angles as the figure has sides. 

But all the angles of all the triangles make up all the 
angles of the polygon together with the angles at O, which 
are equal to four right angles ; (Th. .4. Cor.) 

therefore all the angles of the polygon, together with four 
right angles, are equal to twice as many right angles as the 
figure has sides ; 

that is, all the angles of the polygon are together less than 
twice as many right angles as the figure has sides by four 
right angles*. 

Cor. The exterior angles of any convex polygon are 
together equal to four right angles. 

Let ABCDE be a convex polygon having all its sides 
AB, BCy CD, DE, EA produced; 




it is required to prove that the sum of its exterior angles is 
equal to four right angles. 

Proof, Each interior angle together with its adjacent 
exterior angle are equal to two right angles ; (Th. 2.) 

therefore all the interior angles together with all the exterior 
angles are equal to twice as many right angles as the figure 
has sides ; 

• Euclid, I. 32, Cor. i. 

w. 4 
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•but all the interior angles, together with four right angles, 
are equal to twice as many right angles as the figure has 
sides; (Th. 26.) 

therefore all the exterior angles are equal to four right 
angles*. Q. e. d. 

Theorem 27. 

The adjoining angles of a parallelogram are supplementary 
and the opposite angles are equal* 




Part, ^n. Let HBGE be a parallelogram ; 
that is, let HE^ EG be respectively parallel to BG^ BH\ 

(Def. 37.) 

it is required to prove that its adjoining angles EHB^ HBG 
are supplementary, and its opposite angles HBGy HEG 
are equal 

Proof, Because HE is parallel to BG^ (Hyp.) 

and HB meets them, 

therefore HBG is supplementary to EHB. (Th. 23. Cor.) 
And because HB is parallel to EG^ (Hyp.) 

and HE meets them, 

therefore ZTjEC^ is supplementary to jE'Z?!;^ ; (Th. 23. Cor.) 
but HBG is also supplementary to EHB^ 
therefore HEG is equal to HBG, (Th. i. Cor. 3.) q. e. d. 

* Euclidr I. 3a. Cor. a. 
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Cor. I. Hence if one of the angles of a paralldogram is a 
right angle, all its angles are right angles. 

Cor. 2. Jf two straight lines are respectively parallel 
to two other straight lines they will include equal at^es 
towards the same parts. 

Def. 40. A right-angled parallelogram is called a rectangle. 

Theorem 28. 

The opposite sides of a parallelogram are equal to one 
another^ and the diagoruU bisects it. 

Fart. En. Let ABCD be a 
parallelogram, that is, let AB be 
parallel to CD, and AJD to JBC-, 
it is required to prove that AB is 
equal to DC^ and AD to BC. 

Proof. Join AC. 

Then because AB is parallel to Dd and AC meets 
them; . (Hyp.) 

therefore the angle BAC is equal to the alternate angle 
ACD. (Th. 22.) 

And because AD is parallel to BC; (Hyp.) 

therefore the angle BCA is equal to the alternate angle 
CAD: (Th.22.) 

therefore in the triangles BACy DCA we have 

the angle BAC=Xhe. angle DCA, 
and the angle BCA = the angle DAC; 
and the side AC adjacent to the equal 
angles common; 

therefore the triangles are equal in all respects, (Th. 7.) 

4—2 
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that is, AB is equal to Z>C, AD to BC^ and the area 
ABC to the area ADC*. Q. E. d^ 

Cor. Hence if the adjacent sides of a parallelogram are 
equals all its sides are equal. , 

Def, 41. A parallelogram all whose sides are equal is 
called a rhombus. 

Def, 42. A square is a rectangle that has all its sides 
equal. 

Theorem 29. 

If two parallelograms have two adjacent sides of the one 
respectively equal to two adjacent sides of the other ^ and like- 
wise an angle of the one equal to an angle of the other ; the 
parallelograms are identically equal. 

Part. En. Let A BCD, EFGH be two parallelograms 
which have two adjoining sides AB^ BC oi the one equal 
respectively to two adjoining sides EF, FG of the other, and 
have likewise the included angles B and jF equal; 



it is required to prove that the parallelograms are identically 
equal. 

Proof For if the point B were placed on F, and the 
line BC along the line FG\ 

then because BC^ FG, (Hyp.) 

therefore the point C will fall on G ; 
and because the angle ABC= the angle EFG^ (Hyp.) 

• Euclid, I. 34. 
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therefore BA will fall along FE; 

and because BA = FEy (Hyp.) 

therefore the point A will fall on E, 

And because AD is parallel to BC^ (Hyp.) 

therefore AD will fall along EHi (Ax. 5.) 

and similarly CD will fall along Glfy 
and therefore the point D will fell on the point ZT; 
that is, the parallelograms are identically equal. q. e. p. 

Cor. Two rectangles are equalj if two adjacent sides of 
the one are respectively equal to two adjacent sides of the 
otlier; and two squares are equcU^ if a side of the one is equcU 
to a side of the other. 

Theorem 30. 

If a quadrilateral has two opposite sides equal and parallel^ 
it is a parallelogram. 

Part, En, Let ABCD be a quadrilateral in which the 
opposite sides AB^ CD are equal and parallel ; 




it is required to prove that AC Ls equal and parallel 
to^Z>. 

Proof Join AD, 

Then because AB\& parallel to CZ>, (Hyp.) 

therefore the angle BAD is equal to the alternate angl^ 
ADC\ (Th. 22.) 
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and therefore in the triangles BADy CDAy we have 

BA = CD, (Hyp.)l 

AD common, 
and the contained angles BAD^ CD A 

equal ; 

therefore the triangles are equal in all respects ; (Th. 5.) 

thatis, ^Z> = ^C; 

and the angle ^Z?^ =the angle CAD; 

but these are alternate angles ; 

and therefore ACis parallel to BD*. (Th. 21.) q. e. d. 



Theorem 31. 

Straight lines which are equal and parallel have equal pro- 

jections on any other straight line; conversely ^ parallel straight 

lines which have equal projections on another straight line are 

equal; and equal straight lines ^ which have equal projections on 

another straight line, are equally inclined to that line. 
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Part En. Let AB^ CD be equal and parallel straight 
lines, and let ab^ cd be their projections on any other straight 
line. Then shall db be equal to cd. 

Proof, Through A, C draw AE^ CF parallel to dbcdy 
meeting Bb^ Dd in E^ F, 

* Euclid, I. 33, 



J 
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Then because BA^ AE^ BE are respectively parallel to 
DC, CF, DF, (Hyp.) 

therefore the angle BAE^Ha^ angle DCF, 

and the angle BE A = the angle DFC, (Th. 27. Cor. 2.) 

and the h)rpotenuse AB = the hypotenuse CI>; (H)rp.) 

therefore AE = CF: (Th. 17.) 

but AE = d53, and Ci^= cd, (Th. 28.) 

and therefore ad = r//. q. e. d. 

Similarly the converse propositions may be proved. 



Theorem 32. 

Jf there are three parallel straight lines y and the intercepts 
made by them on any straight line that cuts them are equals 
then the intercepts on any other straight line that cuts them 
are equal. 

Let the three parallel straight lines ADy BEy CF make 
equal intercepts on the straight line AC, that is, let 
AB=^BC. 



AX D 




Then shall the intercepts on any other line DEF be 
equal, that is^ DE shall be equal to £F, 
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If one of the straight Ones is perpendicular to the 
parallels, what is required to be proved follows directly from 
Theorem 31. 

But if neither of the straight lines is perpendicular to 
the parallels, 
draw any straight line XYZ perpendicular to the parallels. 

Then by Th. 31, the equal straight lines AB^ BChavc 
equal projections, 

and therefore XY^YZ. 

And again by the same Theorem, because XY— YZ, 
and that these are the projections of !)£, EF^ 

therefore X>E=ER Q. e. d. 

Cor. I. 77ie straight line drawn through the middle 
foint of one of the sides of a triangle parallel to the base passes 
through the middle point of the other side. 

CoR. 2. The straight line joining the middle points of two 
sides of a triangle is parallel to the base. 



Exercises for Solution. 

1. If ABC is an isosceles triangle and A is double of 
either B or C, shew that ^ is a right angle. 

2. If ABC is an isosceles triangle and A is half of 
either B or C, shew that A is two-fifths of a right angle. 

3.. Find the angle between the lines that bisect the 
angles at the base of the triangle in the last question. 



J 
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4. The perpendiculars let fall from the extremities of 
the base of an isosceles triangle on the opposite sides will 
include an angle supplementary to the vertical angle of the 
triangle. 

5. Shew that the angles of an equiangular triangle are 
equal to two-thirds of a right angle. 

6. Find the magnitude of the angle of a regular octagon. 

(Th. 26.) 

7. How many equiangular triangles can be placed so as 
to have one common angular pointy and fill up the space 
round it ? 

8. Shew that three regular hexagons can be placed so 
as to have a common point, and fill up the space round that 
point. 

9. Shew that two regular octagons and one square have 
the same property. 

Draw a pattern consisting of octagons and squares. 

10. Shew tliat the angle of a regular pentagon is to the 
angle of a regular decagon as 3 to 4. 

11. If a line is perpendicular to another it will be per- 
pendicular to every line parallel to it 

12. If a polygon is equilateral, does it follow that it is 
equiangular, and conversely ? 

13. How many diagonals can be drawn in a pentagon ? 
How many in a decagon ? How many in a polygon of 
n sides. 

14. Shew that a square, a he^cagon and a dodecagon 
will fill up the space round a point ; and make a pattern of 
these polygons. 
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15. Examine whether a square, a pentagon and an icos- 
agon have the same property; and also whether a pattern 
can be constructed of pentagons and decagons. 

16. The exterior angle of a regular polygon is one-third 
of a right angle : find the number of sides in the polygon. 

17. Two lines intersecting in A are respectively perpen- 
dicular to two lines intersecting in B : prove that any angle 
at A is equal or supplementary to any angle at B. 

18. Shew that a trapezium may be divided into a 
parallelogram and a triangle. 

19. The diagonals of any parallelogram will bisect one 
another. 

20. The diagonals of a rhombus will bisect one another 
at right angles. 

21. If two straight lines be drawn bisecting one another, 
and their extremities be joined, the figure so formed wiU 
be a parallelogram. 

22. Given that a four-sided figure has its opposite sides 
equal, prove that it must be a parallelogram. 

23. Prove that the diagonals of a rectangle are equal 
to one another. 

24. Shew that if one element (a side) is given, a 
square is determined ; if two elements (a side and angle), 
a rhombus is determined ; also that if two elements (two 
sides) are given, a rectangle is determined: and find the 
number of elements required to determine a parallelogram, 
a trapezium, a quadrilateral, a pentagon, and a polygon of 
any number (n) of sides. 
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QUESTIONS ON SECTION III, 



1. Give the derivation of the words parallel, parallelogram, tnipe« 
ziunu 

9. What is indirectly ascertained in Theorem 9i? Would it be 
possible to ascertain it directly? 

3. Prove Th. «4 by drawing a straight line to intersect A^ B and X, 
dnd using Theorems 31, 33. 

4. Given two angles of a triangle to be respectively 72'. 15'. 4 7" 
and 83^ . 51' • 1 6^9 find the third angle. 

5. If one angle of a triangle is equal to the other two, prove that it 
must be a right angle. 

6. Isosceles triangles having equal vertical angles must have equal 
base angles. 
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SECTION IV. 



Problems. 



In the Science of Geometry there are not only theorems 
to be proved, but constructions to be effected, which are 
called problems. Geometers have always imposed certain 
limitations on themselves with respect to the instruments 
which might be used in these constructions. There is no 
reason why any convenient instrument used in the Art 
of Geometry, such as the square, parallel ruler, sector, 
protractor, should not be supposed to be used also in the 
Science ; but the ruler and compasses suffice for nearly all 
the simpler constructions, and those which cannot be 
effected by their means are considered as not forming a 
part of Elementary Geometry. These instruments are there- 
fore postulated or requested (vid. p. 4). There are some 
problems, that seem at first, sight not very difficult, that 
cannot be solved by the use of these instruments. We 
can, for example, bisect an angle; but we cannot, in general, 
trisect it, that is, divide it into three equal parts, by any 
combination of ruler and compasses. 

It may be observed that the ruler is simply a straight 
edge, not graduated, and the compasses are supposed to be 
transferable from one part of the figure to another, the 
distance between the points being unaltered. 
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The solution of a problem in Elementary Geometry as 
above defined consists 

(i) in indicating how the ruler and compasses are to 
be used in eflfecting the construction required ; 

(2) in proving that the construction so given is correct \ 

(3) in discussing the limitations, which sometimes exist, 
within which alone the solution is possible. 

We shall give several examples of such problems, and 
then discuss the principles of the methods we have used 



Problem i. 
To bisect a given angle, 

* 

Construction, Let ABC be the given angle. 

Take any equal lengths BAy BC^ 
along its arms, and join A C 

With centre A, and any radius greater 
than half A C, describe a circle, and with 
centre C, and the same radius, describe 
another circle intersecting the former circle 
on the side oi AC remote from B in D, 

Join AD, CD, and BD] 

BD bisects the angle ABC. 

Proof. In the triangles ABD, CBD, 

because AB-BC^ (Constr.) 

and BD is common, 

and the base AD - the base DC, (Constr.) 
therefore the angle ABD = the angle CBD, 
that is, BD bisects the angle ABC^. 

* Eucl. I. 9» 




(Th. IS.) 
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Problem 2. 

To draw a perpendicular to a given straight line from a 
^ven point given in it. 






/f 



\ « 
\ « 

M 



Construction, With centre C and 

any radius describe a circle to cut the 

straight line in two points D^ £, so / 

that CJD =CE, 1/ 

V 

With centre Z>, and any radius '^ ^v ^ /^ 
greater than DC, describe a circle, and with centre JS and 
the same radius describe a circle, cutting the former in 7^ 

Join FC; 

it is required to prove that FC is perpendicular to AB. 

Proof. In the triangles DCFy ECF, 

because i?C= CE^ (Constr.) 

CF'\s common, 

and the base DF= the base EF, (Constr.) 

therefore the angle Z>C7^=the angle ECF, (Th. 15.) 

and therefore i^CFand ECFzx^ right angles*. (De£ 14.) 

Note. — ^This construction is usually effected in practice by means of 
the square. 

It may be observed that this problem is only a special case of 
Prob. I, the given angle being a straight angle. 

Problem 3. 

To draw a perpendicular to a given straight line from a 
given point outside it. 

Let BC be the given straight line, A the given point 

* Euclid, I. It. 
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CanstrticHofL With centre A describe a circle with any 
sufficient radius to cut ^C in two points D^ E, 




Bisect the angle DAE by the line AR (Prob. i.) 

Then AF^i}\ be perpendicular to BC. 

Proof . In the triangles AFD^ AFE^ 

because AD = AE^ (Constr. ) 

and AF\& common, 

and the contained angle DAF= the contained angle EAF; 

(Constr.) 

therefore the angle AFD = the angle AFE ; (Th. 5.) 

therefore AFis perpendicular to DE*, 

Note. — This construction also is usually effected in practice by 
means of the square. 

Problem 4. 

To bisect a given straight line\. 
Let AB be the given straight line. *-^ ^ — 

Construction, With centre A and any >^'^\'V 

radius greater than half AB describe a -^<— --JJ---iJ! 

circle, and with centre B and the same \A i /,-''' 

radius describe a circle intersecting the ^— '''^'^•h,^ 
former in two points C and D. 

Join CD cutting AB in O, 

* Euclid, I. 13. t Euclid, i. la 
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Then O will be the point of bisection. Join AD^ 
DB. 






. : . \ 

• « 






^ 



/Vv^. Because -4C=: C5; and CD is common to the 
two triangles A CB, DCB ; and the base 
AD is equal to the base DB \ therefore 
the angle A CD = the angle BCD\ there- 
fore in the two triangles ACO^ BCOy 
we have AC=BC^ (Constr.) 

CO common, 

and the included angles ACO^ BCO 
equal; 

therefore the base ^4^ = the base BO^ 

isc the line AB is bisected in O. 



(Th. 5) 



Problem 5, 

7i> am^rttd a iriim^c^ haring gmn the lengths of the 
three siSis^ 



^jBC 




\Ji' 




Let the three given lengths 
be the lines ^» B^ C 

Ctm^rmciitm. Draw a line 
7X> tK^uol to one of them A. 
With centre /*and nidius equ^ 
to B describe ai circle; and 
widSx oen:re <} aad raviias ev^ujd to C describe a circie. Let 
tbese circles intersect in AL Join RF^ R^. 

RI\2 ts^ the triir:§ie lei^tiiiedL 

/Vwrt For RFQ his its three sies respectrvrfj- equal 
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Limitation, — It is necessary that any two of the lines 
Ay By C should be together greater than the third. For if 
JB and C were together less than Ay the circles in the figure 
would obviously not meet ; and if they were together equal 
to Ay the point R would be on FQy and the triangle would 
become a straight line. Similarly if B were greater than 
A + C ox C greater than A-hBy the circles would not inter- 
sect This limitation might be anticipated from the theorem 
before proved, that any two »des of a triangle are together 
greater than the third side, and is in fact its contra^ositive* 

Problem 6, 

At a given point in a given straight line to make an -angle 
equal to a given angle. 

Let BAC be the given ang]e> P the given point in the 
line PQ. 





Constr, Join any two points By C in the arms of the 
given angle. Construct a triangle PQR having its three 
sides PQy QRy RP respectively equal to AB^ BGy CA. 

(Prob, 5.) 
Proof. In the triangles ABCy PQRy 
because AB = PQy (Constr.) 

AC=PRy (Constr.) 

and BC^ QRy (Constr.) 

therefore the angle A » the angle P*. (Th. 12.) 

* Euclid, I, 33. 

w. S 
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Problem 7, 

To draw through any fomt a straight line parallel to a 
given straight line. 






V 



Constr. Let A be the given point, j9C the given line. 
Draw any line AD to meet BC^ and make the angle DAE 
equal to the alternate angle ADC. (Prob. 6.) 

Proof. Because the/alternate angles EAD, ADC are 
equal, (Constr.) 

therefore AjS is paraM to DjS*. (Th. 21.) 

Problem 8. 

To construct a triangle^ having given two angles and a 
side adjacent to both. 



L/- 




Let Ay B be the two angles, C the given side. 

Take a line PQ = C. At the points P, Q make angles 
with PQ equal respectively to A and B. (Prob. 6.) 

Let the lines which contain these angles meet in R. 

Then RPQ is the triangle required. 

Proof. For it has jPQ= C, and the angles P and Q 
respectively equal to A and B. 

* Euclid, I. 31. 
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Limitation, — ^The two given angles must be together less 
than two right angles, or the lines PQ^ QR would not meet. 
This follows also from the theorem that any two interior 
angles of a triangle are together less than two right angles, 
and is the contrapositive of that theorem. 



Problem 9. 

To construct a triangle^ having given two angles and a 
side opposite to one ofthenu 

Let A and B be the given angles, CD the given side 
which is to be opposite to A, 

Construction, Draw an indefinite straight line EF. 
At any point G in it make the sji^^ FGIf= A, and 
HGK^B (Prob. 6), then KGE will equal the third 
angle of the triangle, since the sum of the three angles of 



Jl B 



\ 



^ 



y 




XZl 



a triangle is equal to two right angles (Th. 25). At C and 
D make angles equal to HGK and KGE, and let their 
sides meet in O ; then OCD is the triangle required. 

* 

Proof, For OCD has CD equal to the given line, and 
the angles C and D equal respectively to the given angles. 

Limitation,— A& before, the two given angles must be 
together less than two right angles. ... 

5-2 
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Problem io. 

To construct a triangle^ having given two sides and the 
angle between them. 





Let Ay Bht the given sides, C the given angle. 

Construction. Draw an angle D equal to the given 
angle, and take DE^ Z>^ equal to A and B. Join EK 

Proof. For the triangle DEE has DE, DE equal to the 
given lines A and B^ and the included angle D equal to the 
given angle C. 

Remark. In these problems we have found that one triangle and 
only one can be constructed to fulfil the conditions given. In other 
words, that with these data the triangle is determinate. Also we notice 
that in each case three elements in the triangle are data or given. We 
have given either the three sides, or two angles and the side adjacent to 
both, or two angles and a side opposite to one, or two sides and the 
included angle. And these cases correspond to the theorems proved 
above of the equality of triangles. For if only one triangle can be con- 
structed so as to have its indes equal to three given lines, it is clear that 
if two triangles have the three sides of the one equal to the three sides 
of the other, these triangles must be identical, or be equal in all respects. 
And a similar remark may be made on the other cases yt^ have con* 
sidered. 

But there are cases in which the data may be insufficient to deter* 
mine the triangle, For example, if only tyro sides are f^veoy an 
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indefinite number of different triangles may be constructed to have 
these sides. Or if the three angles are given, their sum being equal to 
two right angles, an indefinite number of triangles may be constructed 
to have these three angles. And again it may be impossible to con- 
struct the triangle with the given data, as has been already shewn. I|i 
some cases moreover the solution is ambiguous, that is, there may be 
more than one triangle which fulfils the given conditions. The following 
is an important instance of this, and is usually called the ambiguous case, 
some consideration of which occurred in Theorem 20, 

Problem ii. 

To camtrud a triangUy having given two sides and an 
angle opposite to one ofthenu 

Let A^ B be the given sides, C the angle to be opposite 
to the side B. 








TT 



Take an angle GDH^Cy take DE^Ay and with 
centre E and radius = B describe a circle. If / is one of 
the points in which this circle meets the line DH, by join- 
ing EI we obtain a triangle which fulfils the given con- 
ditions. 

But several cases may arise. 

Let the given angle be acute, as in the figure. 

Then, by Theorem 19, 

(i) If J? is less than the perpendicular from E on 
DIfy the circle would not meet £>Ify and the triangle would 
be impossible. 
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(2) If £ is equal to the perpendicular, the circle would 
meet DH2X the foot of the perpendicular, and there would 
be one triangle^ right-angled^ which fulfils the given conditions. 

(3) If B is greater than the perpendicular but less 
than DE^ then the circle will meet DH in two points I^ T 
as in the figure, on the same side of 2?, and there will be 
two triangles EDIy EDI' which fulfil the given conditions. 

(4) \i B is equal to DE^ the point /will coincide with 
Dy and one of the two triangles disappears, and the other 
is isosceles. 

(5) If B is greater than DEy the circle will meet DH 
in two points on the opposite sides of Dy but one only of 
the triangles made by joining Ely EI' will be found to have 
the angle Dy and the other will have the supplementary 
angle : that is, there will be only one solution. 

The cases of the given angle being a right angle or an 
obtuse angle are left to the ingenuity of the student 
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SECTION V. 



Loci. 



When a point has to be found to fulfil one given geo- 
metrical condition, the problem is indeterminate: that is, 
an infinite number of points can be found to fulfil the giveA 
condition. For example, if the problem is to find a point 
at a given distance from a given point, it is plain that all 
the points in the circumference of a circle, described with 
that point as centre and the given distance as radius, iuhil 
this condition. Or again, if a point has to be found at a 
given distance from a given straight ikie of indefinite length, 
it may lie an)nvhere on either of two straight lines parallefl 
to the given line, and at the given distance firom it on either 
side. 

All the points which satisfy a single given geometrical 
condition lie in general in a line or lines : and this line, or 
these lines, are called the locus of the point under the given 
condition. Hence we get the following definition of a 
locus : 

Def, If any and every point on a line or group of lines 
(straight or curved), and no other point, satisfies an assigned 
condition, that line or group of lines is called the locus of 
the point satisfying that condition. 
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In order that a line or group of lines A may be 
properly termed the locus of a point satisfying an assigned 
condition Xy it is necessaiy and sufficient to demonstrate 
the two following associated Theorems : 

J^ a point is on Ay it satisfies X, 

If a point is not on A, U does not satisfy X, 

It may sometimes be more convenient to> demonstrate 
the contrapositive of either of these Theorems. 

The following examples of loci are important. 

i. T^ hcus of a point at a given distance from a given 
point is the circumference of a circle having a radius eguai to 
the given distance and having its centre at the given points 

ii. The locus of a point at a given distance from a given 
straight line is the pair of straight lines parallel to the given 
line, at tlte given distance from ity and on opposite sides of it. 

The proofs of these two Theorems are obvious. 

iii. The locus of a point equidistant from two given points 
is the straight line that bisects^ at right angles^ the line joining 
the given points. 



Part, En. Let A, B be the two 
given points ; ^ a point equidistant from 
A and By so that -P^ ^PB\ 

it is required to find the locus of i'. 

Constr. Join AB \ and bisect it in 
Oy and join PO. 

Thea PO produced is the locua 
lequired. 
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Proof. In the triangles AOP^ BOP, 
because AO^OBy (Constr.)' 

and PO is common, 

and AP^BPy (Hyp.), 

therefore the angle AOP=^^<^ angle BOP, (i. 15.) 

and therefore PO is at right angles to AB\ 

that is, a point equidistant from A and B lies on the line 
whidi bisects AB at right angles. Further, every point not 
on the bisector, is at unequal distances from A and B, as 
may be proved by Theorem 14, and therefore the line 
which bisects AB at right angles is the locus of points equi- 
distant from A and B. 

iv. The locus of a point equidistant from two intersecting 
straight lines is the pair rf lineSy at right angles to one 
another, which bisect the angles made by the given lines. 

Let AB, DC intersect in O; it is required to find a 
point equally distant from AB and DC. 




^jB 



Bisect the angle COB; and in the bisector take any 
point P. Let faU PN, i'Jif perpendicular to DC, AB. 

In the triangles PON, POM, 

because the angles PON, PNO are respectively equal to 
the angles POM, PMO, (Constr.) 
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and the hypotenuse PO is common, 

therefore the triangles are equal in all respects, 

(Theorem 17). 
and therefore PN^ PM. 

In the same manner every point in the bisector of any 
one of the four angles at O is equally distant from AB 
and CD\ 

that is, the locus of points equally distant from two straight 
lines which intersect, is the bisectors of the an^es between 
the lines. 

It may further be proved tfiat no point not in a bisector 
is equally distant from these lines ; that is, the bisectors are 
the complete lacus^ 



Exercises. 

Find the following loci : — 
( i) Of a point at a given distance from j, given point. 

(2) Of a poiat at a given distance from a given line« 

(3) Of a point at a given distance from a given cirde. 

(4) A horse is tethered by a chain fastened to a ring 
which slides on a rod bent into tJie form of a rectangle. 
Find the outline of the area over which he can graze. 

(5) Pind the locus of a point equidistant from two 
given points. Prove that the locus found is complete^ 

(6) Find the locus of points at which two equal 
lengths, adjacent or not adjacent, of a straight line subtend 
equal angles. 
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(7) Find part of the locus of points at which two 
adjacent sides of a square subtend equal angles. 

(8) Find the locus of a point at which two adjacent 
sides of a rectangle subtend supplementary angles. 



Intersection of Loci. 

When a point has to be found which satisfies two con- 
ditions, the problem is generally determinate if it is possible : 
and the method of loci is very frequently employed in dis- 
covering the point. For if the locus of points which satisfy 
each condition separately is constructed, it is obvious that 
the points which satisfy both conditions must be the points 
common to both loci, that is, must be the point or points 
where the loci intersect. 

For example; a triangle is to be constructed on a given 
base with its sides of given lengths. Let AB be the base. 

The two conditions are that the 
lengths of the two sides are given ; the 
point sought for is the vertex : now the 
vertex must be at a certain distance 
from A = one of the given lengths ; its 
locus is therefore a certain circle round 
A as centre. Similarly it must be at a 
certain distance from B\ its locus is 
therefore another circle round B as 
centre. The points of intersection of these circles are 
therefore the vertices of the two equal triangles which fulfil 
the given conditions. 

It was this reasoning that suggested the construction in 
Problem 5. 
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Occasionally it will be found that with certain con- 
ditions among the data in the following Exercises the loci 
do not intersect, or the solution becomes impossible. So in 
the case given, it will not be difficult to see that the circles 
would not intersect unless any two of the given sides were 
greater than the third side. These conditions among the 
data for the possibility or impossibility of a solution should 
always be found. 

The principle of the intersection of loci may be thus 
stated : 

If A is the locus of a point satisfying the condition 
X, and B the locus of a point satisfying the condition Y\ 
then the intersections of A and By and these points only, 
satisfy both the conditions X and K 

The following examples of intersection of lod are 
important, and are at once demonstrated by the aid of the 
preceding examples of loci. 

i. There is one and only one point in a plane which is 
equidistant from three given points not in the same straight 
line, 

ii. There are four and only four points in a plane each 
of which is equidistant from three given straight lines that 
intersect one another but not in the same point. 

Exercises on Intersection of Loci. 

1. Find a point in a given straight line at equal 
distances from two given points. Construct the figures 
for all cases. 

2. Find a point in a given straight line at a given 
distance from a given straight line. 
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3. Find a point in a given straight line at equal 
distances from two other straight lines. 

4. On a given straight line to describe an equilateral 
triangle. 

5. Describe an isosceles triangle on a given base, each 
of whose sides shall be double of the base. 

6. Find a point at a given distance from a given point, 
and at the same distance from a given straight line. 

7. Given base, sum of sides, and one of the angles 
at the base, construct the triangle. 

8. Given base, diflference of sides, and one of the 
angles at the base, construct the triangle. 

9. Find a point at a given distance from the circum- 
ference of two given circles, the distances being measured 
along their radii or their radii produced. 

10. A straight railway passes within a mile of a town. 
A place is described as four miles from the town, and half 
a mile from the railway. How many places satisfy the 
conditions ? 

11. Find a point equidistant from three given straight 
lines that intersect one another but not in the same point 



Analysis and Synthesis. 

If problems cannot be solved by this method, it remains 
to attack them by the method, as it is called, of Analysis 
and S)mthesis. This is not so much a method as a way of 
searching for a suggestion, and nothing but experience and 
ingenuity will here avail the student The solution is 



1 
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supposed to be effected, and relations among the parts of 
the figure are then traced until some relation is discovered 
which can give a clue to the construction. Nothing but 
seeing examples can make this clear. 

(i) It is required to draw a line to pass through a given 
point and make equal angles with two given intersecting lines. 

Let O be the given point, ABy 
A C the given lines. 

We reason as follows (analysis) : 
suppose PO Q were the lin6 required, 
then the angle zXF^ angle at Q. 

Therefore AP =AQ', therefore if 
we bisected the angle A, POQ would be at right angles to 
the bisector. 

Now this is a suggestion we can work backwards from, 
and the construction is as follows. 

Synthesis. Bisect the angle JBA C, and let fall Olf a per- 
pendicular to the bisector, and let it meet the lines in P, Q, 
and POQ can then be proved to be the line required. 

(2) // is required to draw from a given point three 
straight lines of given lengths^ so that their extremities may 
be in the same straight line, and intercept equcU distances on 
that line. 

Analysis. Suppose OA, OB, ^ ^^ 

OC were the three lines, so that \ '"""•'" """''' \ 

CBA is a straight line, and CB \ *">^1 ' » 

^BA. \^y^^^ \ 

Then it occurs. to us that if ^ -^ 
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OB were prolonged to Z>, making BZ>=OB, then CZ> 
and DA would be respectively parallel and equal to OA 
and OC (see § 3, Ex. 21); and that the sides of the triangle 
J?OA are respectively equal to OA, OC and 2 OB. Hence 
the construction is suggested. • 

Synthesis. Make a triangle DOA whose sides are OA, 
OC, and 20B\ complete the figure, by drawing DC, OC 
parallel to OA, AD; and the other diagonal ABC will be 
the line required. For it may be shewn that AB = BC, 

The student must not be surprised if he finds problems 
of this class difficult. For there is nothing except previous 
knowledge of geometrical facts to point out which of the 
many relations of the parts of the figure are to be followed 
up in order to arrive at the particular relation which suggests 
the construction. It is not easy to see what is to suggest 
the producing of OB to 2? as in the figure. 

Subjoined are a few problems of no great difficulty, 
which may be solved by this method. 



Problems. 

1. On a given straight line to describe a square. 

2. Describe a rectamgle with given sides. 

3. Given two sides of a parallelogram and the included 
angle, construct the poarallelogram. 

4. Given the lei^tl» of the two diagonals of a rhombus, 
construct it 

5. From a given point without a given straight line 
to draw a line making an angle with the line equal to a 
given angle. 



8p ELEMENT AR Y GEOMETR K [Book I. 

6. Describe a square on a given straight line as 
diagonal 

7. Draw through a given point, between two straight 
lines not parallel, a sttaight line which shall be bisected in 
that point. 

8. Place a line of given length between two intersect- 
ing lines so as to be parallel to another given line. 

9. Trisect a right angle, : 

10. Divide half a right angle into six equal parts. 

1 1. Three straight lines meet in a point, draw a straight 
line such that the parts of it intercepted by die three lines 
shall be equal to one another. 

Z2. Trisect a given straight line. 



BOOK II.» 

Equality of Areas. 

SECTION I. 

Theorems. 

In Book I. Theorems 5, 7, i5> 17, 20 we have had 
instances of figures whose areas are equal, and whose areas 
are proved to be equal, by shewing that the figures could be 
placed so as to coincide with one another, or are congruent^ 
or identically equal. But figures of different shapes may 
nevertheless be equal in area, though they cannot be placed 
so as to coincide with one another; thus a circular field 
may be as large as a square one, and a triangle as large as 
a rectangle. 

In the present section we proceed to the consideration 
of rectilineal figures whose areas are equal, though the 
figures are not of the same shape. 

Drf. I. The altitude of a parallelogram with reference 
to a given side as base is the perpendicular distance between 
the base and the opposite side. 

Thus in the figure the perpendiculars DE^ 
FG^ or CHy which are equal (by i. 28) since 
DEFGf DEHC are parallelograms, are each 
of them the altitude of the parallelogram ABCD, 
AB being the base. ^"^ 0^ 

* Book III. (with the exception of its last Section) is independent 
of Book II., and may be studied immediately after Book I. 

W 6 
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Def. 2, The altitude of a triangle with reference to a 
given side as base is the perpendicular distance between the 
base and the opposite vertex. 

Obs, It follows from the General Axioms {d) and {e) 
(page i), as an extension of the Geometrical Axiom i (page 
ii), that magnitudes which are either the sum or the 
difference of identically equal magnitudes are equals although 
they may not be identically equal 



Theorem i. 

ParaUelograms on the same base and between the same 
parallels are equal. 

Fart. En, Let A BCD, EBCFht parallelograms, upon 
the same base BC, and between the same parallels AF, 
BC\ 





it is required to prove that the parallelogram ABCD is 
equal to the parallelogram EBCF. 

Proof. Because ABCD is a parallelogram, (Hyp.) 

therefore AB = DC\ (i. 28.) 

because AB, BE are respectively parallel to CD, CF, (Hyp.) 

therefore the angles at A and E are respectively equal to 
the corresponding angles at D and F\ (i. 23, Cor.) 

therefore the triangles ABE, DCFzxt equaL (i. 17.) 
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But if the triangle CDF is taken away from the tra- 
pezium ^-5 C7^ the parallelogram ABCD remains; and if 
the triangle ABE is taken away from the same trapezium the 
parallelogram EBCF remains; therefore the parallelogram 
ABCD is equal to the parallelogram EBCF*. 

Cor. I. TTie area of a parallelogram is equal to the area 
of a rectangle^ whose base and aliiiude are equal to those of the 
parallelogram. 

Cor. 2. Parallelograms on equal bases and of equal 
altitude arc equals ; and of parallelograms of equal altitudes^ 
that is the greater which has the greater base; and also 
of parallelograms on equal bases ^ that is the greater which has 
the greater altitude. 



Theorem 2. 

The area of a triangle is half the area of a rectangle 
whose base and altitude are equal to those of the triangle. 

Let ABC be a triangle on the base AC, and DACE 
the rectangle on the same base, and having the same 
altitude as the triangle; 




then will the area of the triangle ABC be half that of the 
rectangle />-4Cff. 

* Euclid, I. 35. t Euclid, I. 36. 

e—2 
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Constr. Through C draw CF parallel to AB^ to meet 
DE produced in F. 

Then BACF is a paralletogram, and therefore BACF 
is equal to the rectangle DACE. (ii. i.) 

But the triangle .-^j5C is half the parallelogram BACI^', 

(i. 28.) 

therefore the triangle ABC is half the rectangle DACE, 

Cor. I. Triangles on the same or equal bases and of equal 
altittide are equal*, 

CoR. 2. Equal triangles on the same or equal bases have 
equal altitudes^ 

CoR. 3. If two equal triangles stand on the same base 
and on the same side of U^ or on equal bases in the same straight 
line and on the same side of that straight line, the line Joining 
their vertices is parallel to the base or to that straight 
line\. 



Theorem 3. 

The area of a trapezium is equal to the area of a rectangle 
whose base is half the sum of the two parallel sides, and whose 
altitude is the perpendicular distance between them. 

Fart, En. Let A BCD be a trapezium having AD 
parallel to BC', 

then it is required to prove that its area is equal to 

• Euclid, I. 37, 38. t Eudid, I. 39» 40« 



] 
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that of the rectangle whose base is half the suih of AD 
and BQ aild altitude the perpendicular distance between 
AD and BC. 




Proof. Bisect i^C in O, and through O draw ^ line 
parallel to AB to meet BC in E^ and AD produced 
in 7^ 

Then m the triangles DOF, EOCy 

because DO = OCy (Constr.) \ 

and the angle DOF= the angle EOCy (i. 4.) > 

and the angle ODF= the angle OCE\ (i. 22.) J 

therefore the triangles are equal in all respects ; (i. 7-) 

and therefore the trapezium A BCD is equal to the 
parallelogram ABEF, 

But the parallelogram ABEF is equal to the rectangle 
on the same base BE, and between the same parallels ; 

(11. I. Cor.) 

and since EC= DF, 

and AF=BEy 

therefore the base BE is half the sum oi AD and BC; 

therefore the trapezium ABCD is equal to the rect- 
angle whose base is half the sum of the parallel sides, and 
height the perpendicular distance between them. 
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Def, 3. The straight lines drawn through any point in 
a diagonal of a parallelogram parallel to the sides divide it 
into four parallelograms, of which the two whose diagonals 
are upon the given diagonal are called parallelograms about 
that diagonal^ and the other two are called the complements of 
the parallelograms about the diagonal. 



Theorem 4. 

The complements of parallelograms about the diagonal 
of any parallelogram are equal to one another. 

Let A BCD be a parallel- 
ogram, F any point on the dia- Xi/ "/l^-^>>^ 76 

gonal AC, and let RFQ, SPT 
be drawn parallel to the sides; 

it is required to prove that the complement JPB = the com- 
plement FD. 

Froof For the triangle -4^C= the triangle -42? C(i. 28); 
and the triangles ASF, /'G^= the triangles ARF, FTC; 

therefore the remainders are equal, that is, FjB = FD\ 

Def. 4. All rectangles being identically equal which 
have two adjoining sides equal to two given straight lines, 
any such rectangle is spoken of as the rectangle contained by 
those lines. 

In like manner, any square whose side is equal 
to a given straight line is spoken of as the square on that 
line, 

Def 5. A point in a straight line is said to divide it 
internally, or, simply, to divide it ; and, by analogy, a point 

♦ Euclid, I. 43. 
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in the line produced is said to divide it externally; and, in 
either case, the distances of the point from the extremities 
of the line are called its segments. 

dbs. A straight line is equal to the sum or diflference 
of its segments according as it is divided internally or 
externally. 



Theorem 5. 

The rectangle contained by two given lines is equal to the 
sum of the rectangles contained by one of them and the several 
parts into which the other is divided. 

Part. En. Let A and j5C be the two given lines, of 
which BC is divided into any 
number ofipsu[tSyBJD,J?JS,£C; ^ 

it is required to prove that 
the rectangle contained by A 
and BCis equal to the sum of 
the rectangles contained by A 
and BI?f A and Z>£y A and 
£C. 

Proof. From B draw a line BF at right angles to BC^ 
and equal to A\ thrpugh F draw a line parallel to BC\ 
and through D, E^ C draw DG, EH, CK parallel to BF. 

Then the figure BK is equal to the figures BG, DH, 
EK\ 

but BK\^ the rectangle contained by A and BC\ 

and BG, DH^ EK are respectively the rectangles con- 
tained by A and BD, A and DE, A and EC\ 
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therefore the rectangle contained by A and BC is equal 
to the rectangles contained by A and BD^ A and DM^ 
A and '^C*. 

Cor. I. ^If a straight line is divided into two parts ^ the 
rectangle contained by the whole line and one of the parts is 
equal to the sum of the square on that part and the rectangle 
contained by the two parts')^. 

Cor. 2. If a straight line is divided into two parts the 
square on the whole line is equal to the sum of the rectangles 
contained by the whole line and each ofthepartsX. 



Theorem 6. 

The square on the sum of two lines is greater than the sum 
of the squares on those lines by twice the rectangle contained by 
them §. 

Part. En. Let AB be the sum 
of AP, PB ; 



B 



U 



D 



it is required to prove that the 
square on AB is equal to the 
squares on AP^ PB together with 
twice the rectangle contained by 
AP, PB. 

Proof Describe a square -^-^-fi-ff 
onAB. 

Through P draw PLF parallel to AD, meeting DE 
in F\ cut off PL = PB leaving LF^ AP. Through L draw 
i7Z J/ parallel to AB, to meet DA and EB in M, H. 



* Euclid, II. I. t Euclid, II. 3. t Eudid, II. 2. § Euclid, II. 4. 
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Then the figures AL^ PHy LE^ MF are rectangles by 
construction; 

and PH^ MF are the squares on PB^ AP respectively; 
and AL^ LE are each of them the rectangle contained by 
AP, PB. 

Hence, since ADEB is made up of these four figures, it 
follows that the square on AB is greater than the squares 
on APy PB by twice the rectangle contained by AP>^ PB, 



Theorem 7. 

The square on the difference of two lines is less than the 
sum of the squares on those lines by twice the rectangle 
contained by them*. 

Part. En. Let AB be the difference of AP, BP; 
it is required to prove that the square on AB is less than 
the squares on AP, PB by twice the 
rectangle AP, PB. 

Proof. Describe a square ADEB a 
on AB. 



n 



II 






Through P draw LPF parallel to 
A£>, meeting DE produced in F: 
cut off PL^PB, making LF=AP. 
Through Z draw MHL parallel to AB^ to meet DA and 
EB produced in M, If. 

Then MF is the square on AP; and HP the square 
on BP; and MP or HF, the rectangle contained by AP 
sndBP. 

* Euclid, II. 7. 
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And AE is less than MF^- HP by MP^ HF-, that is, 
the square on AB is equal to the squares of APy PB dimin- 
ished by twice the rectangle contained by AP^ PB. 



Theorem 8, 

The difference of the squares on two lines is equal to the 
rectangle contained by the sum and difference of the lines*. 

§ 

Part, En, Let AB and BC be the two straight lines, of 
which AB is the greater; and let them be placed in one 
straight line; cut off BD equal to BC, so that AC is their 
sum, and AD is their difference ; 

Then will the difference of the squares of AB and BC 
be equal to the rectangle contained by -^C and AD, 



B 



D 



K 











H 



Proof On AB describe a 
square AGHB, Through D, 
Cdraw 7->Z, CT^parallel to ^ G^ 
or BH\ cut off HO = LH or 
DB\ and through O draw 
JS^tPi?' parallel to AC. 

Then KH\s the square on 
DB or BC', and therefore the 

difference of the squares of AB and BC is the figure made 
up oi EL and AO. 

But EL is equal to ^i^ by construction; 
therefore the figure made of EL and AO h equal to 
AF', which is the rectangle contained by AE or AD and 
AC] 

• Euclid, II. 5, Cor. 
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therefore the diflference of the squares of AB and BC 
is equal to the rectangle contained hy AC and AJ^. 

Cor. If a straight line is bisected and divided in any 
pointy the rectangle contained hy the segments is equal to the 
difference of the squares on half the line and the line between 
the points of section. 



c P B 



Proof For let AB be bisected in C, and divided inter- 
nally or externally in P. 

Then AP is the sum of ACzjoA CP^ and PB is their 
difference, since BC-AC. 

Therefore the rectangle contained by AP^ PB is the 
rectangle contained by the sum and difference oiAC and 
CPf and therefore is equal to the difference of the squares 
of ^Cand CP. 

Remark, The student will begin here to suspect, what he will 
afterwards find to be true, that there is an intimate relation between 
geometry and algebra. Algebraical or analytical geometry as it is 
called, investigates this relation and applies it to the establishment of 
theorems in geometry, and will occupy him at a later stage of his 
mathematical studies. We shall at present use the expression AB^^ 
which is read 'AB squared,* only as an abbreviation for "the square 
on ABy* and ABy.AC or AB,AC^ as an abbreviation for "the 
rectangle contained by AB and AC J* 



Theorem 9. 

In any right-angled triangle the square on the hypotenuse 
is equal to the sum of the squares on the sides which contain 
the right angle. 
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Part En. Let ABCh^ a 
triangle right-angled at B\ 
it is required to prove that 
^C* is equal to AB'^BC\ 

Proof. On AB, BCy 
CA describe the squares 
ADEB, BFGC, CIHA re- 
spectively. Join CD^ BH\ 
and draw ^/parallel to AH» 

Since the angles A BCy 
ABEyBCFzx^ right angles, 
it follows that CBE, ABF 
are straight lines; (i. 3.) 
therefore the triangle Z>ACis on the same base Z>Ay and be- 
tween the same parallels DA^ EC with the square JDABE; 

therefore the triangle Z>AC is half the square DABE; 

(11. 3, Cor. 2.) 

and similarly the triangle BAH is half the rectangle A J. 

But because the angle 2?-^^ = the angle ITAC, each 
being a right angle; add to each the angle BAC; 

therefore the whole angle DAC is equal to the whole 
angle BAIT; 

and the two sides DAy AC are respectively equal to the 
two sides BAy AH; (Constr.) 

therefore the triangle DAC is equal to BAH, (i. 5.) 

and therefore the square DABE = the rectangle A/. 

Similarly it may be shewn that the square BCGF=ihQ 
rectangle C/, and therefore, since Ay and . CJ' make up 
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the whole square AHICy the square AHIC is equal to the 
sum of the squares ABDE and BCGF^ that is, 

AC'^AJS'^BC\^ 

This important proposition may be proved as follows. 

Place two squares EABH^ KBCF^ as in the figure, with 
their sides AB^ BC continuous and in the same straight line. 

From CB cut off CD equal to AB. Join DE, DF. 

Produce BK to Z, making KL = AB. Join LE^ LF. 




Then it will be easy to prove that the triangles EAD, 
DCFy EHLy LKF are all equal, being right-angled, and 
having the sides containing the right angle equal ; therefore 
the figure LEDF is equal to the sum of the two given 
squares, and all its sides are equal. 

And since EDA is complementary to AED or FDC^ 
therefore the angle EDF is a right angle. 

Therefore LEDF is a square, and is the square on ED. 

Therefore the square on the h)^otenuse ED is equal to 
the sum of the. squares on the sides EAy AD^ 

* Euclid, I. 47. 
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Cor. !• It follows that in a triangle ABC right-angled 
at£, 

AB'^AC^-BCandBC^^AC-AB^ 



The next two theorems shew the modifications which 
the theorem undergoes when the triangle is not right-angled. 



Theorem io. 

In an obtuse-angled triangle the square on the side sub- 
tending the obtuse angle ts greater than the squares on tJie 
sides containing that angle by twice the rectangle contained 
by either of these sides and the projection on it of the other 
side*. 



Part En, Let ABC be the triangle, ABC being the 
obtuse angle, BD the projection of AB on BCy ^C being 
produced backward. 

Then will AC^ = AB*+BC^+2CB . BD, 
for AC' = AD" + DC\ by (ii. 9,) 

but Aiy^AB'^Biy, 

and DC^ ^CB"^ BI^ ^2CB. BD, (by 11. 6,) 

therefore AC^^ AB^ + BC'+2CB. BD. 

* Euclid, XI. 13. 
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Theorem ii. 

In any triangle the square on the side opposite an acute 
angle is less than the squares on the other two sides by twice the 
rectangle contained by either side and the projection on it of the 
other side *. 

Fart. En, Let ABC be a triangle, 
B an acute angle, £JD the projection of 
AB on BC, then will 

AC^=AB^ + BC^''2CB>^BJD. 

Proof. For ^ C" = Alf + DC\ (by 
II. 9)j 

but Ajy = AB" - BI>\ by the same Theorem, 
and I>C=BC^BJy-2CB^BD, (by ii. 7); 
therefore AC^ AB" + BC" - 2 C^ x BJD. 

• CoR. Conversely, the angle opposite a side of a triangle is 
an acute angle, a right angle, or an obtuse angle, according as 
the square on that side is less than, equal to, or greater than 
the sum of the squares on the other two sides. 




Theorem 12. 

The sum of the squares on two sides of a triangle is 
double the sum of the squares on half the base and on the 
line joining the vertex to the middle point of the base. 

* Euclid, II. 13. 
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Part En, Let ^C, a side of the 
triangle ABC, be bisected in /?; then 
will 

AB* + BC^2Ajy'¥2Biy. 

Proofs For let DE be the projection 
oi BD on AC, -^ J> x a 

Then AB" = AD^ + Z?^* + 2AD , DE (by 11. lo), 
and BC^ = Ciy ■¥ DB" ^2CD,ED (by 11. 11), 

therefore remembering that AD = DC^^t obtain by addi- 

tion that 

AB" + BC^ = 2Aiy + 2nB', 

This theorem in a more general form is known as 
ApoUonius's Theorem, 

Theorem 13. 

If a straight line is divided internally or externally at 
any pointy the sum of the squares on the segments is double the 
sum of the squares on half the line and on the line between 
the point of division and the middle point of the line*. 

Let AB be bisected in C, and divided internally or ex- 
ternally in D, 



Then the squares on AD, DB will be double of the squares 
QXL.AC, CD, 

Proof For AD^ = AC^+ CDl'^^AC^ CD by 11. 6; 
and DB*^CB^-\- CD^-2BCy^ CD by 11. 7; 

therefore, adding, and remembering t\\dXAC-BC, and that 
therefore the rectangle AC>^CD = \ht rectangle ^Cx CD, 
we get that AD* + DB' = 2AC'+2 CD\ 

♦ Eucl. II. 9, 10. 
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Exercises. 

1. Bisect a triangle by a line passing through one of 
its angular points. 

2. Any line <lrawn Arough the intersection of the 
diagonals of a parallelogram to meet the sides bisects the 
figure. 

3* Find the locus of the vertices of tiiangles of equal 
area upon the same base. 

4. If the sides of a triangle are 3, 4» 5 inches re* 
spectivdy, the triangle is right-angled. 

5. Of all triangles having the same vertical angle, and 
whose bases pass thzDugh a given point, the least is that 
whose base is bisected in that point. 

6. The diagonals of a parallelo^m divide it into four 
equivalent triangles. 

7. If from any point in the diagonal of a parallelogram- 
straight lines be drawn to the angles, then the parallelogram 
wiU be divided into two pairs of equivalent triangles. 

8. ABCD is a parallelogram» and E any point in the 
diagonal AC produced. Shew that the triangles EBC^ 
EDC will be equivalent 

. 9. ABCD is a parallelogram, and O any point within 
it, shew that the triangles OAB^ OCD are together equiva- 
lent to half the parallelogram. 

10. On the same supposition if lines are drawn thrpugh 
O parallel to the sides of the parallelogram, then, the 
difference of the parallelograms DO^ BO is double of the 
triangle OAC 

w. 7 
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11. The diagonals of a parallelogram ABCD intersect 
in O, and -P is a point within the triangle OAB, Prove that 
the difference of the triangles APBy CPD^ is equivalent to 
the sum of the triangles APCy BPD. 

12. If the points of bisection of the sides of a triangle 
be joined, the triangle so formed shall be one-fourth of die 
given triangle. 

13. Shew that the sum of the squares on the lines 
joining the angular points of a square to any point within 
it is double of the sum of the squares on the perpendiculars 
from that point on the sides. 

1 4. If the sides of a quadrilateral figure be bisected, and 
the points of bisection joined, prove that the figure so formed 
will be a parallelogram equal in area to half the given 
quadrilateral. 

15. Bisect a parallelogram by a line passing through 
any given point. 



SECTION II. 
Problems. 

On the Quadrature of a Rectilineal Area, 

There is one problem which from its historical in- 
terest, and from the valuable illustrations it affords of the 
methods and limitations of Geometry, should find a place 
there. This problem is called the quadrature of a reJUineal 
area^ which means the finding a square whose area is equiva- 
lent to that of any given figure which is bounded by straight 
lines. It gave a, means of comparing any two dissimilarly 



J 
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shaped rectilineal figures, such as irregularly shaped fields 
whos6 boundaries were straight. In the present condition 
of mathematics it is not necessary, as the student will here- 
after learn, but it will always be instructive. 

The problem is approached by the following stages : 
(i) To construct a parallelogram, with sides inclined 
at a given angle, equal to a given triangle. 

(2) To construct <m a given straight line a parallelo- 
gram, with sides inclined at a given angle, equal to a given 
triangle. 

(3) To construct a parallelogram, with sides inclined 
at a given angle, equal to a given rectilineal figure. 

(4) To construct a square equal to a given rectilineal 
figure. 

Problem I. 

To construct a parallelogram equal to a given triangle and 
having one of its angles equal to a given angle. 

Let ABC be the given tri- j^- -J2 — 9 

angle, E the given angle. I^. / / 

Construction, Bisect -4 C in / \ /X^ / / 

D, make the angle CDF=E, J /— 

and through B draw ^.^ZT pa- 
rallel to ACf and draw C!^ parallel to DF. 

EDCITynll be the parallelogram required. 

Froof. If BI> be joined, it will be clear that the tri- 
angle BA C and the parallelogram FHCD are each of them 
double of the triangle BDC (il 2, Cor. i), and therefore 
the parallelogram FHCD^iht triangle BAC, and it has an 
angle = Ey which was required*. 

* Euclid, I. 43. 

7—2 
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Problem II. 

To construct a parallelogram on a given base equal to a 
given triangle and having one of its angles equal to a given 
angle, 

Let BAC be the given triangle, E the given angle as 
before, and let it be required to construct on the line GO a 
parallelogram equal to BA Q and having an angle E. 

Construction, Construct the ^ ^ 

parallelogram .^Z^G^Z? as before, /' '/ ""'™;:-7^ 

and place it so that one of its f / ^,''' / 

sides GH X£LZ.y be in the same / ,/,^''' 

straight line with GO, 

Produce FD^ and draw OQ 
parallel to GD to meet FJD in Q. 
Join QGy and produce it to meet .^ZT produced in S, 

Draw SKR parallel to FQ^ meeting DG produced in 
K^ and QO produced in R, 

Then GORK\& the parallelogram required. 

Proof, For the parallelogram ^G^=the parallelogram 
GRy being complements (ii. 4); and i^6^=the given triangle 
ABC. 

Therefore G^-/? = the triangle ABC^ and it has an angle = 
E^ since it is equiangular with the parallelogram FDGH*, 

Problem III. 

To construct a parallelogram equal to a given rectilifieal 
figure and having one of its angles equal to a given angle, 

* Euclid, I. 44* 
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Let ABODE be the given rectilineal figure ; I^ the 
given angle* T>WidiQ ABCDE into triangles by joining 
BE, BD. 

Construction. Construct as before a parallelogram 
GHIK^BAEy and having an angle at K^F. 



. > jr J n 




Construct on HI z. parallelogram JS/LI=BED, and 
having the angle JIIL = F. 

And construct \on yZ a i^^xdiHiAogczxa JMNL^BCD 
and having the angleyZiV= F. 

GKNMwaH then be' the parallelogram required^ 

Proof, For since the angle Ifj[Z=^the angle -ff, it 
is therefore supplementary to HIK\ and therefore (by 
I. 3) KIL is a straight line. 

•I 

Similarly GM and KN are straight lines; and MN is 
parallel to GK. (i. 24.) 

Therefore GKNMv& a. parallelogram, having the given 
angle, and it is by construction equal to the given rectilineal 
figure*. 

Problem IV. 
To construct a square equal to a given rectilineal figure. 

♦.Euclid, I. 45. 
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ComtructUm. By the pre- 
vious construction make a 
rectangle equal to ABODE, 
and let PQRS be the rect- 
angle so made. 

Then if FQ^QR the 
rectangle is a square; but if 
not, produce FQ to T, making QT=^ QR-, on FQT as 
diameter describe a semicircle, U being the centre, and 
produce JRQ to meet the circumference in V. 

If a square be described Qn QV^ this square will be 
equal to ABCDE. 

Froff. For stimce FQ is the sum of /^and UQ, and 
QT is the difference of FU (or UT) and UQ^ it follows 
(from II, 8) that the rectangle FQ x QT^FIP- U(X\ but 
J' 6^= ^F«, and therefore FIP - U(Z ^ UlT - U(^, that 
is> ^Cj hy IL 9, Cor. 

But the rectangle FQ x QT is the rectangle FQFS, 
which was made equal to ABCDE. 

Therefore V(^ = ABCDE, and the square described on 
VQ is the square required*. 

Remark, If the given figure is not rectilineal, it cannot be divided 
into triangles: hence it is impossible by this method to construct a 
square equal to a given curvilinear area. Nor can any method 
depending on the use of the ruler and compasses only (see p. 6o), con- 
struct a square equal to some curvilinear areas, such as the drcle. 
This is the problem of squaring the circle, the solution of which cannot 
be effected without the use of other instruments. 



* Euclid, II. 14. 
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Problem V. 

To construct a rectilineal fyure equal to a given rectilineal 
figure cmd having the number of its sides one less than that of 
the given figure; and thence to construct a triangle equal to a 
given rectilineal figure* 

Let ABCDE be the given rectilineal figure. Join AC^ 
and through B draw BK parallel to -4 C to meet I>C 
produced in K. Join AK. 




Then since the triangle ABC is equal to the triangle 
AKCy being on the same base ^Cand between the same 
parallels; add to each ACDE\ therefore the figure ABCDE 
is equal to the figure AKDE^ which has the number of its 
sides diminished by one. 

Since this process can be repeated any number of times 
it is evident that any polygon can be reduced in this manner 
to an equivalent triangle. 



Problem VI. 

To divide a straight line, either internally or eoctemally^ 
into two s^ments such that the rectangle contained by the given 
line and one of the segments may be equcU to the square on the 
other segment. 
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Let AB be the given line. 

First, to divide it internally. 

Construction* Draw a square ACDB 
on, AB\ bisect AC\nR, Join BE\ pro- 
duce EA to i^, making EF^EB\ on -^i?* 
describe a square AFGH. 

^^ and ^^ are the parts required} 
so that the rectangle AB x BJI=iAIP, 
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Proof. Produce GH to meet C7? in K, 

Then since C^ is bisected in Ey and divided externally 

therefore CF y, FA ^ EF^ -EA^ (ii. 8. Cor.); 

but ^i^ = EB", and therefore ^/^ - EA^ = AS" 

(ii. 9, Cor.), 

therefore CF^FA^ AB'; 

that is, the figure irX'= the figure AD; take from each AJT, 
and therefore FH^HD. 

But ^Z) is the rectangle AB x BH; and i^ZT is the 
aquare on AH\ 

therefore AB x BH=^ AIP.'^ 

CoR. 7%^ line FA w divided externally in C, i^ /Az/ 

FC.FA = CA». 

♦ Euclid, II. II. 
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Secondly, to divide it externally. 



los 




ConsirucHon. Produce BA^ and take /^ZT equal to AB, 
Bisect AHm E. On AB describe a square ACDB. Join 
EC} from -fi"^ produced, cut oEEK==EC. 

Then wiU AB . BK-^AJS!*. 

Proof. On -^^ describe a square KGLAy and produce 
i?C to meet -^6^ in F. 

Then, since AH Is bisected in E and produced to Ky 

AK X JTjy = EK^ - ^^" ; (ii. 8. ) 

but EK^^EC, and therefore EK*- EA'=AC*y 

therefore AK x Jr^= -4 C* ; 

that is, the figure .^» the figure AJD. 

Add to each J^Q 

then the figure I^L = the figure I^D; 

that is, the square on-^-^is equal to the T^ctaxigYeABxBJT, 

Q. £. D. 



EXERaSESi. 

I. Construct a square double of a given square. 

2ft Construct a squave equal to two, or three, or any 
number of given squares. 
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3. Divide a straight line into two parts, such that" the 
square of one of the parts may be half the square on the 
whole line. 

4. Given the base, area, and one of the angles at the 
base, construct the triangle. 

5. Find the locus of a point which moves so that 
the sum of the squares of its distances from two given 
points is constant 

We subjoin a few problems and theorems as miscel- 
laneous exercises in the Geometry of angles, lines, triangles, 
parallelograms, and the equality of areas. 



Miscellaneous Theorems and Problems. 

1. Prove that the acute angle between the bisectors of 
the angles at the base of an isosceles- triangle is equal to 
one of the angles at the base of the triangle. 

2. Find a point equally distant from three given 
straight lines. 

3. If the diagonals of a quadrilateral bisect one 
another and are equal to one another, the figure will be 
a rectangle. 

4. If the diagonals of a quadrilateral bisect one 
another at right angles and are also equal, the figure will 
be a square. 
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5. If ABCv& a triangle, AB being greater than AC, 
and a point D in AB be taken such that AD ^AC; prove 
that the angle BCD is equal to half the difference of the 
angles ABC, A CB. 

6. If ABCD is a parallelogram, and AE = C!F are 
cut off from the diagonal AC, then BEDF will be a 
parallelogram. 

7. If AA'^ CC be cut off from the diagonal AC, and 
BB = Z^Zy from the diagonal BD of a parallelogram, then 
will A'BCD^ he also a parallelogram. 

8. If AA':^BB'^CC=DDr be cut off from the 
sides of the parallelogram ABCD taken iii order, then will 
A'SCiy be also a parallelogram. 

9. ABC is a triangle, and through D, the middle 
point of ABy DEy DF are drawn parallel to the sides 
BC, AC, to meet them in E, F, Shew that EFh parallel 
XoAB. 

10. Through a given point to draw a line such that 
the part of it intercepted between two parallel lines shall 
have a given length. 

11. To describe a rhombus equal to a given paral- 
lelograun, having its side equal to die longer side of the 
parallelogram. 

12. Shew that the diagonal of a rectangle is longer 
than any other line whose extremities are on the sides of 
the rectangle. 

13. From the extremities of the base of an isosceles 
triangle straight lines are drawn perpendicular to the op- 
posite sides ^ the angles made by them with tlie base are 
equal to half the vertical angle. 
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14. Z> is the middle point of the side AC of a triangle 
ACBy and any parallel lines BB^ DF aie drawn to meet 
ACy AB (or BC) in jS and ^, shew that iS^J^ divides the 
triangle into two equal areas. 

15. If every pair of alternate sides of a convex figure of 
five sides be produced to meet, so as to form a five-rayed 
star, prove that the angles so formed will be together equal to 
two right angles. 

Extend this to the case of a polygon of n sides. 

16. Of all triangles having the same base and area, 
that which is isosceles has the least perimeter. 

17. The area of a rhombus is equal to half the rect- 
angle constructed on the two diameters of the rhombus. 

18. If two opposite sides of a quadrilateral are paral- 
lel, and their points of bisection joined, the quadrilateral 
will be bisected. 

19. If two opposite sides of a parallelogram be bi- 
sected, and lines be drawn finom these two x>oint5 of bi- 
section to the opposite angles, these lines will be parallel, 
two and two^ and will trisect both diagonals. - 

2a The sum of the squares described on the sides of a 
rhombus is equal to the squares described on its diameters. 

21. From the ades of the triangle ABC^ AA\ BB'y 
CC\ are cut off each equal to two-tiiirds of the side firom 
which it is cut Shew that the triangle A'BC\& one-thiid 
of the triangle ^^C 

22. BCD. . . axe points on die circumference of a drde, 
A any point not the centre of the drde. Shew that of the 
lines ABy AC^ AD... not more than two can be equal 
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23. Find the locus of a point, such that the sum of the 
squares on its distances from two given points is equal to 
the square on the distance between the two points. 

24. If m and n are any numbers, and lines be taken 
whose lengths are »i*+»", n^ — rf and 2mn units respec- 
tively, shew that these lines will form a right-angled triangle. 
Give examples of these triangles. 

25. Through two given points on opposite sides of a 
straight line draw two straight lines to meet in that line, so 
that the angle which they form shall be bisected by that 
line. 

26. Through a given point draw a line such that the 
perpendiculars on it from two given points may be equal. 

27. Find points D, E in the equal sides AB^ AC oi 
an isosceles triangle ABC, such that BD^I>E=EC 

28. If one angle of a triangle is equal to the sum of 
the other two, the greatest side is double of the distance of 
its middle point from the opposite angle. 

29. Find the locus of a point, given the sum or 
difference of its distances from two fixed lines. 

30. Given two points and a straight line of indefinite 
length, construct an equilateral triangle so that two of its 
sides shall pass through the given points, and the third shall 
be in the given straight line. 

31. Construct an isosceles triangle having the angle at 
the vertex double of the angles at the base. 

32. ABC is a triangle, AB grfeater than BC^ BD 
bisects the base AC, and BE the angle ABC Prove 
(i) that ADB is an obtuse angle; (2) that ABD is less 
than DBC\ and (3) that BE is less than BD. 
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33. Bisect a triangle by a line passing through a point 
in one of its sides. 

34« If two sides of a triangle be given, its area will be 
greatest when they contain a right angle, 

35* Construct a triangle equal to a given quadrilateral 
figure. 

36. Bisect a given quadrilateral figure by a line drawn 
from one of its angular points. 

37. Bisect a given five-sided figure by a line drawn 
firom one of its angular points. 

38. If the opposite angles of a quadrilateral are equal, 
the figure is a parallelogram. 

39. Produce a given straight line to such a distance 
that the square on the produced part may be double of the 
square on the given line. 

40. Produce a given straight line to such a distance 
that the square on the whole line may be double of the 
square on the given line. 

4r. Given two sides and a median, construct the tri- 
angle. 

42. Divide a straight line into two parts such that the 
square on one part may be four times the square on the 
other. 

43« From JB^ one of the angles of a triangle ABC, 
a perpendicular BD is let £sdl on AC. Shew that the 
difierence of the squares on AB^ BC'is equal to the differ- 
ence of the squares on AJD^ DC. 
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44. A C one of the sides of a triangle ABC is bisected 
in D : and BD joined Shew that the square3 on AB and 
BC together are equal to twice the square on BDy and 
twice the square on AD, 

45. Produce a given line AB to F so that AF. BF= 
AB*. 

46. ABCD is the diameter of two concentric circles, 
Fy Q any points on the outer and inner circles respectively. 
Prove that BF' + CF^^AQ^^D(^. 

47. Given a polygon of n sides to construct an equal 

polygon of («- 1) sides. Qence construct a rectangle equal 
to any given rectilineal figure. 

48. Prove that the squares on the diagonals of any 
parallelogram are together equal to the squares on its sides. 

49. O is the point of intersection of the diagonals of 
a square ABCDy and F any other point whatever. Prove 
that ^/'" + ^/*+aP' + Z>/*=4(9^» + 4(9/'". 

50. Given the base, difference of sides, and difference 
of the angles at the base, construct the triangle. 

5 1., If from one of the acute angles of a right-angled 
triangle a line be drawn to the opposite side, the squares 
on that side and the line so drawn are together equal to the 
squares on die segment adjacent to the right angle and on 
the hypotenuse. 

52. Find the locus of the middle point of a line drawn 
from a given point to meet a given line. 

53. If from the right angle C of a rightnangled triangle 
ABC straight lines be drawn to the opposite angles of the 
square on ABy the difference of the 9quares on these two 
lines will equal the difference of the squares on^Cand^C. 
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54. AB is divided into two unequal parts in Cand 
equal parts in D\ shew that the squares on ^C and ^C 
are greater than twice the rectangle AC>i CB by four 
times the square on CD. 

55. In any right-angled triangle the square on one 
of the sides containing the right angle is equal to the 
rectangle contained by the sum and difference of the other 
two sides. 

56. In any isosceles triangle ABC^ if AD is drawn 
from A the vertex to any point D in the base, shew that 

AB" = AD" ^ BD . DC. 

57. Prove that four times the sum of the squares on the 
medians of a triangle is equal to three times the sum of the 
squares on the sides of the triangle. 

A medium of a triangle is the line drawn from an angle 
to the point of bisection of the opposite side. 

58. The square on the base on an isosceles triangle 
is double the rectangle contained by either side, and the 
projection on it of the base. 

59. The squares on the diagonals of a quadrilateral 
are double of the squares on the sides of the parallelogram 
formed by joimng the middle points of its sides. 

60. Hence shew that they are also double of the squares 
on the lines which join the points of bisection of the oppo- 
site sides of the quadrilateral 

61. The squares on the diagonals of a quadrilateral 
are together less than the squares on the four sides by four 
times the square on the line joining the points of bisection 
of the diagonals. - 
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62. In any quadrilateral figure the lines which join the 
middle points of opposite sides intersect in the line which 
joins the middle point of the diagonals, and bisect one another 
at that point 

63. The locus of a point which moves so that the sum 
of the squares of its distances from three given points is 
constant is a circle. 



w. 8 
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The Circle, 
SECTION I. 

Elementary Properties. 

A circle is a plane figure contained by one line, which is called the 
circumference, and b such that all the lines drawn from a certain point 
within the figure to the circumference are equal to one another. This 
point is called the centre of the circle. 

A straight Une drawn to the circumference from the centre is called 
a radius of the circle. 

A straight line drawn through the centre and terminated both ways 
by the circumference is called a diameter of the circle. 

Def. I. An arc is a part of a circumference. 

Drf, 2. A c/iord of a circle is 
the straight line joining any two 
points on the circumference. When 
the arcs into which the chord di- 
vides the circumference are unequal, 
they are called the tnajor and minor 
arcs respectively. Such arcs are said 
to be conjtigate to one another. 
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Def, 3. A segment of a circle is the figure contained by 
a chord and either of Ae arcs into which the chord divides 
the circumference. The segments are called major and 
m/;i^r'segnients according as the arcs that bound them are 
major or minor arcs. 

Def. 4. TYit'canjtigate angles formed at the centre of a 
circle by two radii are said to stand upon the conjugate arcs 
opposite them intercepted by the radii, the major angle upon 
the major arc, and the minor angle upon the minor arc. 

Def. 5. A sector is the figure contained by an arc and 
the radii drawn to its extremities. The angle of the sector is 
the angle at the centre which stands upon the arc of the 
sector. 

Def: 6, Circles that have a common centre are said to 
be concentric. 

The following properties of the circle are immediate con- 
sequences of Book I. Def. 8 : 

{a) A circle has only one centre. 

{b) A point is within, on, or without the circumference 
of a circle, according as its distance from the centre is less 
than, equal to, or greater than the radius. 

• 

(c) The distance of a point from the ceatre of a circle 
is less than, equal to, or greater than the radius, according 
as the point is within, on, or without the circumference. 
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Theokebc I. 
Circles cf equal radii are identically equal. 

Fart. En. Let A and -ff be circles of equal radii; 
it is required to prove that they are identically equal 

Proof. Let their centres be C and i?. Place the circle 
£ upon the circle A so that the point D falls upon the 
point C, and take any point E outside both circles and 




join CE. Then since all radii of the same circle are equal, 
and the circles are of equal radii; 

therefore the distances ftom C along CE to the circum- 
ferences of the two circles are the same ; 
therefore the circumferences cut the line CE in the same 
point. 

Similarly they cut every line through C in the same 
point, and therefore coincide altogether, and the two circles 
9IQ identically equal. 

Cor. Two (differenl) circles whose circumferences meet 
one another cannot be concentric*. 

* Euclid, III. 5, 
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Theorei^ 2. 

In the same circle^ or in equal circles^ equal armies ai the 
centre stand on equal arcs; and of two unequal angles at the 
centre the greater angle stands on the greater arc*. 

Part, En. Let A and B be two equal circles, and 
DCE^ GFH two angles at their centres C and Fy standing 
upon the arcs DEy GH respectively; it is required to 





« 

prove that if the angle DCE be equal to the angle GFHy 
the arc DE will also be equal to the arc GII\ and if the 
angles be not equal tlien the greater angle will stand upon 
the greater arc. 

Proof, Place the circle B upon the circle A so that 
the point F falls upon the point C, and the bounding lines 
of ihe angle GFH upon those of the equal angle DCE \ 
then will the two circles coincide, and the points G and 
H will fall on the points D and E because the circles are 
of equal radii; (iii. i.) 

and the circumferences coinciding, and G and H falling 
on D and jS", then will the arc GH fall on and coincide 
with the arc DE^ and be therefore equal to it, 

• Euclid,. III. 16, 



Its 
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Again, if the angles DCE^ GFH be not equal, let 
DCE be the greater. Then it is possible to place the 
circle -Supou the circle A so that the point i^ falls, on the 
point C, and the bounding lines of the angle GFH fall 
within the bounding lines of the greater angle DCE\ 
and therefore the minor arc 6^j^ forms a part of, and there- 
fore is less than, the minor zxc DE, 

And further, since any angle KCL at the centre. of the 
circle A, equal to GFH, stands upon an arc equal to GH, 
therefore the arc DE is greater than, equal to, or less than 
the arc KL in the same circle, according as the angle DCE 
is greater than, equal to, or less than the angle KCL, 

CoR. I. Sectors of the same or of equal circles which 
have equal angles are equal; and of two such sectors which 
have unequal angles that which has the. greater angle is the 
greater. 





Cor. 2. A diameter of a circle divides it into two equal 
parts which are called semicircles^ and two diameters at 
right angles td one another divide the circle into four equal 
parts which are called quadrants. 
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Proof, The quadrants are sectors whose angles are right aiigles and 
are therefore equal to one another, by Cor. I ; and the semicircles are 
sectors whose angles are angles of two right angles, and are therefore 
equal to one another. 

Def, 7. The former are called semicircles; and the latter 
are called quadrants. 



Theorem 3. 

In the same circle^ or in equal circles^ equal arcs subtend 
equal angles ai the centre; and of two unequal arcs the greater 
si, blends the greater angle at the centre*. 





F 

Part. En, Let the circles whose centres are A and D 
be equal j and let BC^ FE be arcs; 

then it is required to prove that if the arc BCht equal to 
the arc FE^ the angle BAC will be equal to the angle 
FDE\ and if the arc ^C be greater than the arc FE^ the 
angle BAC\i'^ be greater than the angle FDE, 

Proof, First, let the arc BC be equal to the arc FE\ 
then the angle BA C will be equal to the angle FDE. 

For the angle BAC is either equal to the angle FDE or 

unequal to it; 

* Euclid, III. 27. 
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but if the angle BACvftt^ unequal to the angle FDE^ then 
the arc -5 C would be unequal to the arc FE\ (iii. 2.) 

but it is not; 

and therefore the angle £AC is equal to the angle FDE, 

Secondly, let the arc ^C be greater than the arc FE\ 
then the angle BACw^ be greater than the angle FDE. 

For the angle BAC is either greater than, equal to, or 
less than the angle FDE\ 

But the angle BAC is not equal to the angle FDE\ 
for then the zxc BC would be equal to the arc FE\ (iii. 2.) 
but it is not: 

nor is the angle BAG less than the angle FDE\ 

for then the arc jffC* would be less than the arc FE\ (iii. 2.) 

but it is not; 

therefore the angle BAC is greater than the angle FDE, 

Obs, (i) This theorem affords an excellent example of an apjiH- 
cation of the rule of conversion (p. 3). It must be observed that 

Theorem 2 forms in fact a group of theorems in which it is demon- 
strated that (see figure to Theorem 3), 

(i) if the angle A is greater than the angle D, the arc BC is 
greater than the arc FE\ 

(3) if the angle A is equal to the angle Z>, the arc BC is equal to 
iXit^xcFEi 

(3) if the angle A is less than the angle Z>, the arc BC is less than 
the arc FE. 

Now of the Hypotheses of these theorems one must be true; 
for the angle A must be greater than, equal to, or less than the angle 



Sect. I.] THE CIRCLE. 121 

and of the Conclusions no two can he true at the same timei for the 
arc BC cannot be both greater than, and equal to, the arc FE% 
therefore the rule of conversion applies to this group of Theorems ; 
that is, their converses, which form Theorem 3, are true. In the 
text this proof is g^ven in detail. But when these conditions are true of 
a group of theorems their converses are always necessarily true; and no 
special proof is necessary. 

Ohs* (2) This theorem might also be proved by direct super- 
position. 

Cor. Equal sectors of the same or of equal circles have 
equal angleSy and of two unequal sectors the greater has the 
greater angle. 

This may be proved as in the theorem, or by the rule of conversion, 
(which applies to the group of Theorems contained in Theorem a, Cor.i), 
or by direct superposition. 



Exercises on Section I. 

1. What arc of a circle is equal to its conjugate arc ? 
What arc is half its conjugate arc ? 

2. What segment of a circle is also a sector of a circle ? 

3. Prove that if two circles cut one another they cannot 
have the same centre. 

4. Divide a circle into eight equal parts by radii. 

5. If there be two sectors of equal circles, and the angle 
of the first is any multiple of the angle of the second, prove 
that the area of the first is the same multiple of the area of 
the second. 



SECTION II. 
Chords. 

Theorem 4. 

/;/ the same circle^ or in equal circles^ equal arcs are 
suhieftded by equal chords; and of two unequal minor arcsy 
the greater is subtended by the greater chord* 

Fart, En. Let AB, CD be equal arcs of the same or of 
equal circles; 




it is required to prove that the chord AB is equal to 
the chord CD, . • 

Proof, Let E^ Fht the centres of the circles : join AE^ 
BE, CF, DF. 

Then because the arc -<4^ is equal to the arc CD\ (Hyp.) 
therefore the angle -^-E^ is equal to the angle CFD\ (in. 3.) 
and because in the two triangles AEB, CFD, the two sides 

* Euclid, in. 29, 
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AE, EB are equal to the two CF^ FD, and the contained 
angle AEB is equal to the contained angle CFD\ 
therefore the base AB is equal to the base CD, (i. 5.) 

Part. En. Again, let the minor arc AB be greater than 
the minor arc CD\ it is required to prove that the chord 
AB is greater than fhe chord CIX 





Proof. Because the arc AB is greater than the arc CD^ 
therefore the angle AEB is greater than the angle CFD \ 

("I- 3-) 
^nd because in the triangles AEB^ CFD, the two sides AE^ 

EB are equal to the two CF, FD, but the contained angle 

AEB is greater than the contained angle CFD] 

therefore the base AB is greater than the base CD. (i. 14.) 

Cor. In the same circle, or in equal circles, of two 
unequal major arcs the greater is subtended by the less chord. 

Obs. Since AB^ CD are minor arcs, the angles AEB, CFD are 
less than two right angles. This has been assumed in the proof in 
treating AEB, CFD as triangles. 

Theorem 5. 

//; the same circle, or in equal circles, equal chords, subtend 

equal major and equal minor arcs; and of two unequal chords 

the greater subtends the greater minor arc and the less major 

arc*. 

♦ Euclid, III. 28. 
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Tart. En, ' Let AB\ CD be equal chords in the same 
or equal circles, it is required to prove that the arcs AB^ 
CD are equal. 

Proof, For if the minor arcs ABy CD were unequal, 
one of them would be the greater^ 

and therefore the chord AB would be unequal to the 
chord CD, . (iii. 4.) 

But it is not; for the chords are equal. (Hyp.) 

Therefore the minor arcs AB^ CD are also equal. 

Again, let the chord AB be greater than the chord CD\ 





it is required to prove that the minor arc AGB is greater 
than the minor arc CHD, 

Proof, For the minor arc AGB is either greater than, 
equal to, or less than the minor arc CHD\ 

But the minor arc AGB is not equal to the minor arc 
CHD, 

for then the chord AB would be equal to the chord CD, 

(ill. 4.) 
But it is not; 

Nor is the minor zxcAGB less than the minor arc CHD^ 
for then the chord AB would be less than the chord CD, 

(III. 4.) 
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But it is not; 

therefore the minor arc A GB is greater than the minor arc 
CHD, 

and therefore also the major arc AIB is less, than the 
major arc CKD. 

Obs, As before, the rule of conversion applies to the groups of 
theorems enunciated in Theorem 4 and Cor., and their converses form 
Theorem 5. 

Theorem 6, 

The straight line drawn from the centre of a circle to the 
middle point of a chord is perpendicular to the chord. 

Fart. En. Let the straight line OC be drawn from the 
centre (? of a circle to the middle point C of a chord AB; 
it is required to prove that OC is 
perpendicular to AB. 

Proof Join OA, OB. 

Then because in the triangles 
OAC, OBC, the three sides of the 
one are respectively equal to the ^J 
three sides of the other; 

therefore the angles OCA^ OCB op- 
posite to the equal sides OA^ OB are equal (i. 15), and are 
therefore right angles, 

that is, OC1& perpendicular to AB*, 

Theorem 7, 

77ie straight line drawn from the centre of a circle per- 
pendicular to a chord bisects the chord f. 

* Euclid, III. 3, Part 1, f Euclid, in. 3, Part 2. 
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Fart, En, Let the straight line ^C drawn from the 
centre O of a circle be perpendicular to the chord AB\ 
it is required to prove that 6? C bisects AB. • 

Proof, Because in the right-angled triangles ACO^ 
BCO, 
the hypotenuse AO is equal to the hypotenuse BO, 

and the side ^C is common, 

therefore the triangles are equal in all respects, (i. 20, Cor.) 

and therefore AC is equal to CB, and OC bisects AB. 

Theorem 8. 

Tk^ straight line drawn perpendicular to a chord of a 
circle through its middle point passes through the centre of the 
circle*. 

Fart, En, Let AB be a chord of a circle, bisected in 
C^ and let CO be drawn at right angles to AB\ 

* • 

it is required to prove that CO passes through the centre. 

Froof, Because CO bisects AB dX right angles; (Hyp.) 
therefore CO is the locus of 
points equidistant from A and 
B (p. 72). But the centre of the 
circle is equidistant from A 
and B\ 

therefore CO passes through the 
centre. 

Cor. The locus of the cen- 
tres of all circles that pass through 
twd given points is the straight 
line that bisects at right angles the line joining those points. 

* Euclid, III. i. Cor. 
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Remark, ; On Theorems 6, 7, 8 it may be remarked that if any one 
of them be proved directly, the other two. follow from applications of 
the Rule of Identity. For example, iif Theorem 7 be proved directly 
and it be required to demonstrate Theorem 6, we may proceed ad 
follows : — Of straight lines through the centre there can be hut one to 
the middle point of the chord, and but one perpendicular to it; aild 
inasmuch as by Theorem 7, the one that is perpendicular to the chord 
is also the one that bisects it, it follows by the Rule of Identity that the 
one that bisects it is also the one that is perpendicular to it 



• . Theorem 9r 

A^ straight line cannot meet, the circumference of a circle 
in more than two points r 

Part, En^ Let AB be. a straight . line, O the centre of 
a circlej 



It is required to prove that the straight line AB does not 
meet the circumference of the circle in more than two points. 

Proof, Draw ^C perpendicular to AB, 

Let D be one of the points of intersection of the straight 
line and circle; join 0D\ 

and at the point O in the line OC on the side oi OC remote 
from Z>, make the angle COE equal to COD, and \^VOE 
meet the straight line AB \n E, ^ 
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Then since OE^ OD are obliques making equal angles 
with the perpendicular OC^ 

therefore OD is equal to OEy (i. 19.) 

and therefore i? is on the circumference of the circle, 

and all lines drawn from O to AB other than OE are 
greater or less than 0D\ that is no point on AB other than 
D and E is on the circle. 

Cor, a chord of a circle lies wholly within the circle^ 

Obs, Hence a circle is everywhere concave to its 
centre. 

For the test of the concavity of an arc of a curve to a 
given point is that, if any two points in the arc be taken, 
the chord joining those points 
shall be cut by every line drawn 
from the given point to a point 
on that arc 

Thus in the figure the arc 
AB is concave to O, and the 
arc BC is not concave to 0, and is said to be convex to it 




Theorem 10. 

One circle, and only one, can be drawn through any three 
points not in the same straight line. 

Part. En. Let -4, i?, C be three points, not in the same 
straight line; 



o 

/ 

V / 



V 



(ill. 8, Cor.) 



Sect. II.] THE CIRCLE, 129 

it is required to prove that 

one circle, and only one, can ^., 

be drawn to pass through 

A, By a 

Proof, Because the locus j ^ 

of the centres of all circles j _/ **^\ 

that pass through A and B 
is a straight line that bisects 
A Bait right angles; 

and the locus of the centres of all circles that pass through 
B and C is the straight line that bisects ^C at right angles; 
therefore the centre of a circle that passes through A, B 
and C is a point common to these two straight lines. 

Now these straight lines will intersect, for if they did not 
they would be parallel, and therefore A, B, and C would be 
in one straight line; 

and they can intersect in only one point: (Ax. 2.) 

therefore one circle, and only one circle, can be drawn to 
pass through A, B and C, 

Cor. I. Two circles tliat have three points in common 
coincide wholly. 

Hence a circle is named by three letters at points on its circum* 
ference. 

Cor. 2. Two circles cannot meet one another in more than 
two points*. 

For if they had three points in common they would coincide 
wholly, 

CoR. 3. If from any point within a circle more than two 
equal straight lines ar-e drawn to the circumference, thai point 
is the centre of the circled, 

♦ Euclid, III. 10. t Euclid, ill. 9. 

w. 9 
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Theorem ii. 



In the same circle^ or in equal circles^ equal chords are 
equally distant from the centre; and of two unequal chords the 
greater is nearer to the centre than the less*. 

First. Fart. En. Let ABy CD be equal chords in the 
same, or in equal circles, whose centres are jE, F\ and let 




EGy FHht perpendiculars from E, Fon AB^ CD respect- 
ively; it is required to prove that EG is equal to FH. 

Froof Join EA, FC. 

Then because EG, FH are perpendiculars on the 
chords from the centres; 

therefore they bisect the chords: (in. 7.) 

and, because the chords are equal, (Hyp.) 

therefore AG\% equal to CH\ 

and therefore in the right-angled triangles AGE, ClfF, 

the hypotenuse AE is equal to the hypotenuse CFy 

(Hyp.) 

♦ Euclid, III. 14, 15. Part i. 
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and one side AG is equal to one side CH: 

therefore the side EG is equal to jFff: (i. 20, Cor.) 

that is, the chords AB, CD are equally distant from the 
centre. 

Again, 

Part, En. Let AB^ CD be unequal chords of the same, 
or oi equal circles, of which AB is the greater; 
it is required to prove that AB is nearer to the centre than 
CD. 





Proof. Because the chord AB is greater than the 
chord CD', 

therefore the minor arc AB is greater than the minor arc 
CD. (ill. 5.) 

Place the circles on one another, with E as their com- 
mon centre, (in. i.) 

so that the point C falls on A^ and the point D on the 
minor arc AB\ and let fall the perpendiculars EGy EH on 
the chords AB, AD. 

Tuet Elf cut AB in jK:-. 

then because EG is the perpendicular on AB from E; 
therefore EG is less than EX: (i. 19.) 

9—2 
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and jEK is less than JEIf: 

therefore JEG is less than Elf: 

that is, AB is nearer to the centre than AD or CZ>. 

Obs, The first part of this theorem may be proved by superposition. 

Theorem 12. 

In the same circle^ or in equal circles, chords that are 
equally distant from the centre are equal; and of two chords 
unequally distant, the one nearer to the centre is the greater^. 

Part, En, Let AB, CD be chords of the same or of 




equal circles, equally distant from the centre : it is required 
to prove that AB is equal to CD, 

Proof For if AB were unequal to CD, one of them 
would be the greater, and would therefore be nearer to the 
centre than the less. (iii. 11.) 

But it is not, for they are equally distant from the 
centre; (Hyp.) 

therefore AB is equal to CD, 
Again, 

Part, En, Let AB be nearer to the centre than CD\ 
it is required to prove that AB is greater than CD. 

* Euclid, III. 14, 15. Part a. 
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Proof. For AB must be either greater than CD^ or 
equal to CO, or less than CD. 

But AB is not equal to CD\ 
for then AB and CZ? would be equally distant from the 
centre. (in. ii.) 

But they are not: 

Nor is AB less than CD\ 

for then AB would be further from the centre than CD) 

(hi. II.) 
but it is not; 

therefore AB is greater than CD. 

CoR. The diantiter is the greatest chord in a circle. 

Obs. This theorem follows logically from Theorem- ii. For the 
group of theorems in Theorem 1 1 is such that of their hypotheses one 
must be tme, that is, the chord AB must be greater than, equal to, or less 
than the chord CD ; and of the conclusions^ AB is at a less, equal, or 
greater distance from the centre than CD, no two can be true at the same 
time; therefore the rule of conversion is applicable; and Theorem ii 
contains the converse theorems thus established. 

It may also be remarked that this Theorem may be proved by 
superposition. 



Exercises on Section II. 

1. Given a triangle ABC to find the centre of the 
circle that passes through A, B^ and C. 

2. If two equal chords intersect one another, the seg- 
ments of the one are equal to the segments of the other 
respectively. 

3. Two chords cannot bisect one another unless both 
pass through the centre. 
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4- Given a curve, to ascertain whether it is an arc of a 
circle or not. 

5. If a straight line cut two concentric circles, the 
parts of it intercepted between the two circumferences will 
be equal. 

6. Perpendiculars are let fall from the extremities of a 
diameter on any chord, or any chord produced ; shew that 
the feet of the perpendiculars are equally distant from the 
centre. 

7. The locus of the points of bisection of parallel 
chords of a circle is the diameter at right angles to those 
chords. 

8. If a diameter of a circle bisects a chord which does 
not pass through the centre, it will bisect all chords which 
are parallel to it 

9. AB and CD are unequal parallel chords in a circle; 
prove that AC 3Lnd BD, and likewise AZ> and BC, inter- 
sect on the diameter perpendicular to AB and CD, or that 
diameter produced, and are equally inclined to that dia- 
meter. 

WTiat will be the case if AB and CD are equal? 



SECTION III. 



Angles in Segments. 

Def, 8. The angle formed by any two chords drawn 
from a point on the circumference of a circle is called an 
angle ai the circumference^ and is said to stand upon the arc 
between its arms. 

Def, 9. An angle contained by two straight lines drawn 
from a point in the arc of a segment to the extremities of 
the chord is called an angle in the segment. 



Theorem 13. 

An angle at the circumference of a circle is half the angle 
at the centre standing on the same arc. 

Part, En, Let AB be an arc, O the centre, P any 
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point on the circumference of a circle; it is required to 
prove that the angle APB is half of the angle AOB stand- 
ing on the same arc. 

Proof, Join PO^ and produce it to Q. 

Then because OA is equal to OP \ 
therefore the angle OAP is equal to the angle OPA : (i. 6.) 
but the exterior angle A OQ is equal to the two interior and 
opposite angles OAPsmd OPA ; (i. 25.) 

therefore the angle AOQ is double of the angle OPA. 

« 

Similarly the angle QOP is double of the angle OPP, 

Hence in figs, (i and 2) the sum, or (in fig. 3) the dif- 
ference of the angles AOQ, QOB is double of the sum 
or diflference of OPA and OPB, 
that is, the angle AOB is double of the angle APB\ 
and therefore the angle APB is half of the angle A OB on 
the same arc* 

Theorem 14. 

Angles in the same segment of a circle are equal to one 
another. 

Part. En, Let APB, A QB be 
angles in the same segment APQB; 

it is required to prove that the angle 
APB is equal to the angle AQB, 




Proof, Take ^the centre ; and 
join AO, BO, 

Then because the angles APB, 
AQB at the circumference are each of them half the angle 
AOB at the centre on the same arc, (iii. 13.) 

therefore the angle APB is equal to the angle AQB\. 
* Euclid, III. 3o. + Euclid, iii. iu 
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Cor. The angle subtended by the chord of a segment at a 
point within it is greater than, and at a point outside its seg- 
ment on the same side of the chord cts the segment^ is less than^ 
the angle in the segment. 

Part Ex, Let APB be a segment of a circle, and C a point on the 
same side of AB as the segment ; it is required to prove that the angle 





ACB is greater or less than the angle in the s^[ment APB according 
as C is within or without the segment. 

Proof, Take any point D in AB and join CD, and let CD (pro- 
duced if necessary) meet the curved boundary of the segment in P, 
Join PA, PB, 

Then if C is within the segment APB it is evidently within the 
triangle APB, and therefore the angle ACB is greater than the angle 
APB, (I. 13.) 

Again if C is without the segment APB, P is evidently within the 
triangle ACB, and therefore the angle ACB is less than the angle 
APB. (I. 13.) 

Remark, From this theorem and its corollary we learn that the locus 
of a point on one side of a given straight line cU which that straight line 
subtends a constant angle is an arc of a circle of which that line is the 
chord. 

Theorem 15. 

The angle in a segment is greater than^ equal tOy or less 
than a right angle, according as the segment is less than^ equal 
tOy or greater than a semicircle*. 

* Euclid, III. 31. 
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Part. En. Let ^^ be a dia- 
meter of a circle, cutting off the 
semicircle ADB; and let any 
other chord BC divide the circle 
into the segment BDC less than 
a semicircle, and BEC greater 
than a semicircle ; 



it is required to prove that the angle in the segment BDC 
less than a semicircle is greater than a right angle ; 
and that the angle in the semicircle BDA is equal to a right 
angle; and that the angle in the segment BEC greater than 
a semicircle is less than a right angle. 

Proof. Let O be the centre ; join CO. 

Then the angle in the segment CDB is half the angle 
COB subtended at the centre by the same arc BEC. 

(III. 13.) 

But this is a reflex angle, and is greater than two tight 
angles ; 

therefore the angle in the segment CDB is greater than 
one right angle. 

Again, the angle in the semicircle ADB is half the 
angle -iJ L?i' upon the same arc ^£^. (iii. 13.) 

But the angle AOB is equal to two right angles; 
therefore the angle in the semicircle is equal to a right 



Lastly, the angle in the segment CEB is half the angle 
COB. (III. 13.) 




But the angle COB is less than two right angles ; 
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therefore the angle in the segment CEB is less than a right 
angle. 



Theorem i6. 

A segment is less thariy equal to, or greater than a semi- 
circle according as tJie angle in it is greater than^ equal tOy or 
less than a right angle. 

Proof. According as the angle in the segment, that is 
at the circumference, is greater than, equal to, or less than a 
right angle ; the angle at the centre will be greater than, 
equal to, or less than two right angles ; 

that is, the segment is less than, equal to, or greater than a 
semicircle. 

Alternative Proof. For of the hypotluses that a segment 
is either greater than, equal to, or less than a semicircle, 
one must be true; and of the conclusions proved in Th. 15 
that the angle in that segment is either less than, equal 
to, or greater than a right angle, no two can he true at the 
same time; 

therefore the converses of the theorems in Th. 15 are true, 

that is; according as the angle in a segment is less than, 
equal to, or greater than a right angle, that segment is 
greater than, equal to, or less than a semicircle. 



Theorem 17. 

The opposite angles of a quadrilateral inscribed in a circle 
are supplementary** 

* Euclid, m. 22. 
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Part, En, Let ABCD be a quadrilateral inscribed in 
a circle; it is required to prove 
that its opposite angles ABC^ CD A 
are supplementary. 

Proof, Take O the centre, and 
join ^(9, CO. 

Then the angles ABC, CD A 
are respectively the halves of the 
angles made by AO, OC 2X the 
centre O. (iii. 13.) t 

But the sum of the angles at the centre O is four right 
angles : (i. 4, Cor.) 

therefore the sum of the angles ABC, CD A is two right 

angles ; 

that is, the angles ABC, CD A are supplementary. 

Cor. I. The exterior angle of a quadrilateral inscribed 
in a circle is equal to the interior opposite angle. 

For if CD is produced to E^ the exterior angle ADE is sapple- 
mentary to ADC, and is therefore equal to ABC, 

Cor. 2. If the opposite angles of a quadrilateral are sup- 
plementary, the quadrilateral can be inscribed in a circle. 



Exercises on Section III. 

1. Prove that the lines which join the extremities of 
equal arcs in a circle are either equal or parallel. 

2. If two opposite sides of a quadrilateral inscribed 
in a circle are equal, prove that the other two are parallel 
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3. AB^ CD are chords of a circle which cut at a con- 
stant angle. Prove that the sum of the arcs AC^ BD 
remains constant, whatever may be the position of the 
chords. 

4. If the diameter of a circle be one of the equal 
sides of an isosceles triangle, prove that its circumference 
will bisect the base of the triangle. 

5. Circles are described on two sides of a triangle as 
diameters. Prove that they will intersect on the third side 
or third side produced. 

6. Any number of chords of a circle are drawn through 
a point on its circumference : find the locus of their middle 
points. 

7. If through any point, within or without a circle, 
lines are drawn to cut the circle, prove that the locus of 
the middle points of the chords so formed is a circle. 

8. In any inscribed hexagon the sum of any three alter- 
nate angles is equal to four right angles. 



SECTION IV. A. 



Tangents {treated directly). 



Def, 10. A secant is a straight line of unlimited length 
which meets the circumference of a circle in two points. 



Theorem i8. 

Every straiglrt line through a point on the circumference 
of a circle meets it in one other pointy except the straight line 
perpendicular to the radius at the point *. 

Fart, En. Let -^ be a circle, B its centre, and JBC 
a radius ; and let CD be a line through C perpendicular to 
the radius BC, and CE any other line ; 

it is required to prove that CE meets the circle in one 
point other than C, and that CD does not. 

Proof. Because BCis per- 
pendicular to CDy 

therefore BC\^ the shortest line 
from -5 to the line CD : (i. 19.) 

therefore every point in CD 
other than C is at a distance 
from ^greater than BC, that is 
than the radius of the circle. 

Therefore no point in CD 
other than C is on the circumference. 

* Euclid, III. 16. 




Sect. IV. A.] TANGENTS. 143 

Again, from B draw -57^ perpendicular to CE^ and BG 
making an angle with BF^ on the side remote from (7, 
equal to CBF^ and meeting CE in G. 

Then because BC and BG are straight lines from B to 
the straight line CE making equal angles with the perpen- 
dicular ^7?* upon it, they are equal; (i. 19.) 

that is, BG is equal to the radius of the circle, 

and therefore G lies upon the circumference ; that is, the 
line CE meets the circle again in G, 

Def, II. A straight line which, though produced inde- 
finitely, meets the circumference of a circle in one point 
only is said to toiuh^ or to be a tangent to, the circle. 

Def, 12. The point at which a tangent meets the cir- 
cumference is called ih^ point of contact. 



18. 



The following are immediate consequences of Theorem 



{a) One and only one tangent can be drawn to a circle 
at a given point on the circumference. 

{b) The tangent to a circle is perpendicular to the 
radius drawn to the point of contact. 

{c) The centre of a circle lies in the perpendicular to 
the tangent at the point of contact 

{d) The straight line drawn from the centre perpen- 
dicular to the tangent passes through the point of contact. 

Obs. On the relative position of a straight line and a 
circle. 
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A Straight line will cut a circle, touch it, or not meet it 
at all, according as its distance from the centre is less than, 
equal to, or greater than the radius. 

The several converses of these statements follow by the 
Rule of Conversion. 



Theorem 19. . 

Each angle contained by a tangent and a chord drawn 
from the point of contact is equal to the angle in the alternate 
segment of the circle*. 

Part. En. Let DEC 
be a tangent to the circle 
A at the point E^ and let 
EE be a line through E 
meeting the circle again 
in E\ 

it is required to prove 

that the angles contained 

by DEC and EE are ^ 

equal to the angles in the alternate segments upon EE* 

Proof. Draw EF the diameter through E \ 
then EFwSil be at right angles X,oDC\ (Th. 18.) 

and join F^ E and E to any point G in the minor arc 
EE. 

Then because FGE is an angle in a semicircle it is a 
right angle; 

and therefore the angle FGE is equal to the angle FED \ 

also the angle EGF is equal to the angle EEF in the 

same segment ; 

* Eucl. III. 33. 
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therefore the whole 2LHg\Q EGB is equal to the whole angle 
£BI?. 

Again, join i^and E 
and JS to any point If 
in the circumference on 
the side ofBF remote 
from^. Then because 
J^IfB is an angle in a 
semicircle it is a right 
angle; 
thereforetheangleirZra 

is equal to the angle FBC; 

also the angle FHE is equal to the angle FBE in the same 
segment ; 

therefore the remaining angle EHB is equal to the 
remaining angle EBC. 

Ohs, Having proved Th. 19 so far as it relates to dther of the 
two angles EBC^ EBD^ its truth as it relates to the other follows at 
once from Th. 17, since the angle hi the conjugate s^;ment and the 
remaining angle at B are respectively supplementary to the two equal 
angleSf 




Theorem 20. 

Two tangents, and only two, can be drawn to a circle from 
an external point. 

Part En. Let Ahe sl point external to the given circle 
BCD; it is required to prove that two, and only two, 
straight lines can be drawn from A to touch the circle ^Ci^. 



w. 
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Proof, Take the centre ; join OA^ bisect it in J? j 
and with centre E and radius EO or EA describe a circle. 




Then OA will be a diameter of that circle, and each of 
the portions into which it divides the circumference will 
cut the circle BCD^ because each is a continuous line with 
one extremity within and one extremity without the circle. 

Let them meet it in 7* and P respectively. Join OT 
and AT. Then because OTA is an angle in a semicircle it 
is a right angle, (in. 15.) 

therefore TA touches the circle BCD at the point T. 

(in. 18.) 
Similarly AT touches the same circle at T. 

Therefore two straight lines can be drawn from A to 
touch the circle. 

Again, there cannot be more than two straight lines 
drawn from A to touch the circle. 

For because the angle between the radius and the tan- 
gent is a right angle, (in. 18.) 
therefore the point of contact lies on the circle described on 
AO sis diameter. (in. 16 and iil 13 Obs.) 
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But this circle cannot intersect the given circle in more 
than two points. (iii. lo. Cor. 2.) 

Therefore there cannot be drawn more than two tangents 
from A to the circle. 

Cor. TTie two tangents draivn to a circle from an 
external point are equal and make equal angles with the 
straight line joining thcU point with the centre. 

For let AT, AT h^ iht two lines touching the circle in 7* and Tp 
Then because OT is equal to 0T\ 

and OA is common to the two triangles OA T and OA T, and the apgles 
at 7* and 7^ are right angles ; 

therefore the triangles are equal and the angle OAT\s equal to the 
Single OAT y (l ao.) 

and therefore the tangents from A are equal and make equal angles 
^dth OA. 



' 1 



SECTION IV. B. 

Tangents {treated by tJie method of limits). 

This may be omitted the first time of reading. 

There is another light in which we may regard the lines 
of which we have been speaking in Section iv. (a), which is 
extremely valuable when we come to consider curves other 
than circles. We shall proceed to give an account of it. 

Let MAN be a curve, not necessarily a circle, but one 
which curves in the same direction throughout as you pro- 
ceed from M towards N. Take a line through A meeting 
the curve at some point F between A and N. Then the 

10—2 
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nearer P is taken to A the nearer does the line AF 
approach to a position represented in the figure by the 




line I* AT. So long as P is between A and iVit can never 
quite coincide with the said line TAT, but it can be made 
to approach as near to it as we please by taking JP dose 
enough to A. 

Similarly if we take a line through A meeting the curve 
in some point i? between A and M, then the nearer that 
point lies to A the nearer will the line AI^ approach the 
position TAT\ It can never quite coincide with the said 
line, as long as i? is between A and M, but it may be made 
to approach as near to it as we please by taking J? near 
enough to A, 

It may not be easy to see how the line 7^ AT is to be 
accurately obtained, but it will easily be seen that there is in 
general Such a line at each point of a curve, and it will be 
distinguished from other lines drawn through the point by 
the peculiarity that U does not cross the curve at that point. 
Such a line is said to totuh the curve at that point, or, more 
formally, — if a secant of a curve alters its position in such 
a manner that the two points of intersection continually 
approach, and ultimately coincide with one another, the 
secant in its limiting position is said to touch, or to be 
a tangent to, the curve, and the point at which the tangent 
meets the curve is called \h^ point of contact. 
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We shall now investigate the position of the tangent to 
a circle at any specified point, using our newly obtained ^tfi- 
vciSaovL oi z, tangent. 

Let A be the point and the 
centre of the circle, and let AK 
be a straight line through A^ not at 
right angles to OA^ and AB a line 
through A perpendicular to OA. 
Draw OE perpendicular to AC^ 
then OE<OA. (i. 19.) 

/. E is within the circle, 

and AK must meet the circle in 
some point other than A^ Let it be C. 

Now let C move up towards Ay then the chord -<4C will 
become shorter, and the perpendicular OE^ which bisects 
the chord AC^ will approach nearer to coincidence with 
OA. Hence the line ^Cwill approach nearer to the posi- 
tion of being perpendicular to OA. And inasmuch as the 
chord AC can be made as short as we please, and thus 
the line OE can be made to approach as near as we please 
to OAy the line ^^can be made to approach as near as we 
please to the position of AB. Hence AB is the tangent 
at A. 

And inasmuch as no straight line can meet the circle in 
more than two points, and the line AB is the limiting position 
of a secant through A when the other point of intersection 
has moved up to coincidence with Ay it follows that the 
line AB cannot meet the circle again. Hence every straight 
line through a point on the circumference* meets it in one 
other point, except the straight line perpendicular to the 
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radius at the point, and this is the iangenfat the point; which 
is Theorem i8. 

It is evident that we shall arrive at exactly the same 
result by supposing that the point C is on the other side of 
OAy and moves up to coincidence with A in the other 
direction. 

Def. II. If a secant of a circle alters its position in such 
a manner that the two points of intersection continually ap- 
proach, and ultimately coincide with one another, the secant 
in its limiting position is said to touch or to be a tangent to, 
the circle. 

Def. 12. The point in which two points of intersection 
ultimately coincide is called the point of contact and the tan- 
gent is said to touch the circle at that point. 

Taking this definition of a tangent. Theorem 6 gives us 

The straight line drawn from the centre to the point of 
contact of a tangent is perpendicular to the tangent. This is {b) 
in the last section; 

Theorem 7 gives us 

T/ie straight line drawn from the centre perpendicular to a 
tangent peases through the point of contact. This is {d) in the 
last section. 

Theorem 8 gives us 

The straight line drawn perpendicular to a tangent through 
its point of contact passes through the centre. This is {c) in the 
last section. 

Theorem 17, Cor. i, gives us Theorem 19. 

For if ABDC be a quadrilateral inscribed in a circle 
and ^C be produced to Ky then the angle KCD is equal 
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to the angle ABDy that is, to the 

angle in the segment ABD. Now 

let C move up to coincidence with 

A. The angle DCK will remain 

the same in magnitude; and it 

finally coincides with DA 7) for AX 

will move up to coincidence with ' 

^rthe tangent at -4, and DC 

will move up to coincidence with 

DA. Hence the angle DAT is 

equal to the angle DBA in the 

alternate segment DBA. Similarly we can shew that DA T' 

is equal to the angle DCA in the alternate segment DCA. 




Exercises on Section IV. 

1. Prove that the two tangents drawn to a circle from 
any external point are equal ' 

2. If from a point without a circle two tangents AB, 
ACaie drawn, the chord of contact -5 C will be bisected at 
right angles by the line from A to the centre. 

3. If a circle is inscribed in a right-angled triangle, the 
excess of the two sides over the hypothenuse is equal to 
the diameter of the circle. 

4. If a quadrilateral figure be described about a circle, 
the sums of the opposite sides will be equal to one 
another. 

5. If a six-sided figure be circumscribed about a circle, 
the sums of the alternate sides will be equal 

6.. . If a quadrilateral figure be described about a cirqle, 
the angles subtended at the centre by any two opposite 
sides are together equal to two right angles. 
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SECTION V. 



The Relations op Two Circles, 



Theorem 21. 

The straight line which passes through the centres of two 
circles whose circumferences meet in two points bisects the 
straight line joining those points^ and is at right armies to it. 

Part. En. Let ABQ DBChe two circles intersecting 
in the points B and C; and let E and F be their centres; 





it IS required to prove that the straight line EF bisects 
the common chord BC and is at right angles to it 
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Proof. Bisect BC in G, and join GE, GF. Then 
because BC is a chord of the circle BCDy and FQ is a line 
drawn through the centre F bisecting it, 
therefore the angle BGFis a right angle ; (iii. 6.) 

and because j^Cis a chord of the circle BAC, and FG is 
drawn from the centre F, bisecting it, 
therefore the angle FGB is a right angle ; 
therefore FG, GFsxe in one straight line, (i. 3.) 

that is, are in the straight line joining F and F 

Therefore the straight line ^-^ bisects the common chord 
BC and is at right angles to it. 



Theorem 22. 

If the circumferences of two circles meet at a point on the 
straight line passing through their centres^ these circumferences 
cannot have a second point in common. 




Let the two circles whose centres are F^ F have one 
point C in common on the straight line passing through 
their centres ; then these circumferences shall not have any 
other point in common. 
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Proof. For if another point as B were common^ then 
by Th. 21, the straight line EF would not pass through E, 
but bisect CB at right angles. 

But EFdoes pass through C; 

therefore the circumferences have no other point in common 
except C. 

JDef, 13. Two circles whose circumferences meet in one 
point only are said to foucA each other, and the point at 
which they meet is called tJiQixj^oint of contad. 

Theorem 23. 

If the circumferences of two circles have one common point 
not on the line through Jheir centres^ they have also another 
common point. 




Let the two circles whose centres are E^ P have one 
common point B^ not on EP. They shall have also anothex 
common point 
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Proof. From B let fall BG perpendicular to EF^ and 
produce BG to C, making 6^C= GB. Join EB, EP^ FB, 
FC. , 

Then because in the triangles EGC^ EGB, CG=BG and 
EG in common, and the included angles are right angles^ 
therefore EB = ECy 
and tlierefore Clies on the given circle whose centre is E. 

In the same manner it may be proved that C lies on the 
given circle whose centre is -5, 

that is, the circles have another common point C 



Theorem 24. 

If two circles iouch one another ^ the line through their 
centres passes through their point of contact*. 

For if the point of contact were not in the line joining 
their centres, then the circles would have another common 
point, and therefore not touch one another. 

CoR. Two circles that touch one another have a common 
tangent at the point of contact, [By Theor, 18.] 

Obs. (i). If the distance between the centres of two 
circles is greater than the sum of their radii, their circum- 
ferences will not meet and each circle will be wholly outside 
the other.' 

Obs. (2). If the distance between the centres of two 
circles is equal to the sum of their radii, their circumferences 
win meet in one point only, and each circle wiU lie outside 
the other. 

* Euclid, III. II, 12. 
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Def. 14. In this case the drcles are said to touch ex- 
ternally, 

Obs. (3). If the distance between the centres of two 
circles is less than the sum and greater than the difference of 
their radii, their circumferences will meet in two points. 

Def. 15. In this case the circles are said to cut one 
another. 

Obs. (4). If the distance between the centres of two 
circles is equal to the difference of their radii, their circum- 
ferences will meet in one point only, and one circle will lie 
within the other. 

Def, 16. In this case the circles are said to touch inter- 
nally. 

Obs. (s). If the distance between the centres of the two 
circles is less than the difference of their radii, their circum- 
ferences will not meet and one circle will be wholly within 
the other. 

Obs. (6). The converse of each of the above five 
Theorems is true. [Rule of Conversion.] 



Treatment by Limits. 

The results of Th. 22 may also be readily obtained from 
Th. 21 by means of the definition of Tangents given in 
Sect IV. b. For if the two common points, which form 
the extremities of the common chord spoken of in Th. 21, 
move up to coincidence, the common chord becomes a 
common tangent, and the line joining the centres must be 
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perpendicular to the commou tangent, and pass through 
its point of contact. In a similar way we may obtain 
Tlu 23* For circles cannot meet in more than two points, 
and hence if these points move up to coincidence (so that 
the circles touch at that point) the circles can meet in no 
other point, and hence one must be wholly within the other 
or each must be wholly without the other. 

We can also demoiistrate by the method of limits an 
important proposition converse to Th. 23, viz. If two circles 
have but one common point they touch at that point. For 
it immediately follows 
from the definition of 
a tangent given in Sect. 
IV. B, that if two curves 
have a common point 
at which the tangents 
to the said curves make 
an angle with one an- 
other the curves must 
cross at that point. But it is evident that if the circumferences 
of two circles -^^ C 
and DBE cross 
at .any point B^ 
the circles must 
have another point 
common, for on 
one side of B the 
circumference of 
the circle ABC 
falls within the 
other circle, and on the other side of B it is without the 
same ; but circles are continuous curves, therefore the cir- 
cumference of ABC must cross .that oi BED at some point 
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other than B. Hence if two circles have but one common 
point B they cannot cross one another there ; and therefore 
their tangents at B cannot include an angle but must 
coincide. 



Exercises. 

1. If a straight line touch the inner of two concentric 
circles, and be terminated by the outer, prove that it will 
be bbected at the point of contact 

2. Any two chords which intersect on a diameter and 
make equal angles with it are equal 

3. Two fixed circles touch each other externally, and a 
third circle is described touching both externally. Shew 
that the difiference of the distances of its centre from the 
centre of the two given circles will be constant 

4. If two circles intersect one another, and circles are 
drawn to touch both, prove that either the sum or the dif- 
ference of the distances of their centres from the centres 
of the fixed circles will be constant, according as they touch 
(i) one internally and one externally, (2) both internally or 
both externally. 

5. If two circles touch one another, any line through 
the point of contact will cut ofif segments from the two 
circles which contain the same angle. 

6. If two circles touch one another, any two straight 
lines through the point of contact will cut ofif arcs, the 
chords of which are parallel. 
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7. Two circles cut one another, and lines are drawn 
through the points of section and terminated by the cir- 
cumference, shew that they intercept arcs the chords of 
vrhich are parallel 

8. Circles whose radii are 67 and 7*8 inches are 
successively placed so as to have their centres 14, 14^, and 
15 inches apart. Shew whether the circles will meet or 
touch or not meet one pother. 

9. What will be the case if the centres are i inch, 
!•! inch, or 1*2 inches apart? 
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SECTION VI. 



Problems. 



Probleiic I. 



To find the centre of a^ven circle^ or of a given arc*. 
Let ABC be the arc. 




Construction. Draw any two chords ABy BC^ and bi- 
sect them at right angles (Book i. Problems 2, 4) by straight 
lines ONy OMy which will intersect at O. O shaU be the 
centre required. 

Proof For NO is by construction the locus of points 
equidistant from A and B, and therefore AO = BO. 

♦ Eucl. III. I, 



i 
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Similarly, MO is the locus of points equidistant from B 
and C\ therefore O is equidistant from A^ B and C 

Hence, the circle described with centre O and radius 
equal to one of these three lines, will pass through the 
other two, and having three points coinciding with the 
given circular arc, must coincide with it throughout. 

(ill. 10. Cor. 1.) 



Problem 2. 



To bisect a given arc*. 



Let AB be the given arc; it 
is required to bisect it. 

Construction, Join AB^ and 
bisect AB at C, and draw CD at 
right angles to ABy to meet the 
arc in D. 

Then the arc AB is bisected in D, 




Proof i Join AD^ BD, Then, since by construction, 
CD is the locus of points equidistant from A and -ff, there- 
fore ^Z>=-5Z>. 



But equal chords cut off equal arcs; 
and therefore the arcs AD^ BD are equal. 



("I. S-) 



* Euclid, IIL 30. 



W. 



XI 
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Problem 3. 

To draw a tangent to a circle from a given point on or 
outside the circumference*. 

There will be two cases. 

First, let the ^ven point A be on the circumference. 
Let O be the centre. 





Construction. Join OA^ and draw AT 2tX right angles 
to OA (i. Prob. 2). 

Proof Then ATv&z. tangent. (Th. 18.) 

Secondly, let A be outside the circle* 

Construction, Join OA^ and on it as diameter describe 
a circle, cutting the given circle in T and 7^, Join AT^ 
AT'y these shall be tangents from A. 

Proof Join OT, OT. Then since ATO \^ z. semi- 
circle, the angle ATO is a right angle (in. 15). 
That is, -^T' or AT \s at right angles to the radius to 
the point where it meet& the circumference, and therefore 
^ rand -47^ are tangents. (Th. 18.) 

^ Euefia^ III. 17, 
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Problem 4. 
To draw a common tangent to two given circles. 

Let the centres of the circles be 0, ff. 

Construction. With centre ff and radius equal to the 
sum or difference of the radii of the given circles, describe 
a circle, as in the figures. 

From O draw a tangent to this circle, touching it in P 
(iiL Prob. 3). Join OF^ and let it, produced through F 
if necessary, meet the circumference of the circle whose 
centre is (X in the point Q. Through O draw OR parallel 
to FQ on the same side of OF as Q to meet the circle 
whose centre is O in R, and join QR. QR will be a 
tangent to both circles. 

Froof. Since FQ is by construction equal and pa- 
rallel to ORy therefore RQ is parallel to OF. (i. 30.) 




II— a 



1 64 ELEMENTARY GEOMETRY. [Book III 

But OP is at right angles to ffP^ since it touches the circle 
in Pj and therefore ^Q is at right angles to OQ \ and it is 
also at right angles to OR^ therefore it touches both circles. 

Cor. When the circles are wholly outside one another ^ 
they have four common tangents : when they touch externally ^ 
they have three common tangents: when they intersect one 
another^ they have tivo common tangents: when they touch 
internally, they have one common tangent : and when one of 
the circles is wholly inside the other, they have no common 
tangent. 



Problem 5. 

To describe a circle passing through three points which arc 
not in the same straight litu. 

Let A, By C be the three points which are not in the 
same straight line. It is required to describe a circle to 
pass through A, B and C. 



Constrtution. Join AB, BC. Bisect AB at right angles 
by the straight line NO, and bisect BC 2X right angles by 
the straight line MO^ meeting the former in O. Then with 
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centre O^ at the distance OAy describe a circle. It will 
pass through B and C 

Proof, Because, by construction, NO is the locus of 
points equidistant from A and B ; therefore OA = OB, 
And because MO is the locus of points equidistant from 
^ and C\ therefore BO- CO, Therefore the circle de- 
scribed with centre 0^ and radius OA^ will pass through 
Ay B and C. 



Problem 6. 

To describe a circle to touch three given straight lines of 
indefinite lengthy which are not all parallel^ and do not all 
fcLss through the same point. 

Let the three given lines intersect in A^ B, and C, 

Then, since the circle required is to touch the lines that 
intersect in A^ its centre must lie on one of the bisectors 




of the angles at A (in. 20. Cor.). Similarly, it must lie on 
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one of the bisectors of the angles at B. Therefore the 
construction is as follows : 

Construction, Draw the bisectors of the angles at A 
and B^ which will intersect in four points Oy O^^ C?,, O^. 

These will be the centres of the circles required, and a 
circle described with any one of these points as centre, 
to touch one of the given lines, will touch the other two. 

Cor. I. // follows that COO3 and O^COj are straight 
lineSy that isy the six bisectors of the interior and exterior 
angles of a triangle intersect one another three and three in 
four points. 

Cor. 2. If two of the lines areparaUel^ only two circles 
can be described to touch the three lines. 

Cor. 3. If all the lines are parallel^ or if they all pass 
through one pointy no circle can be described to touch thetn all. 

Def 17. A circle that touches the three sides of a 
triangle is called an inscribed circle. 

Def, 18. A circle that touches one side of a triangle 
and the other two sides produced is called an escribed circle. 



Problem 7. 

In a given circle to inscribe a triangle equiangular to a 
given triangle. 

Construction, Let ABC be the given circle, and DEF 
the given triangle: it is required to inscribe in the circle 
ABC a triangle equiangular to the triangle DEF, 

Draw the straight line GAH touching the circle at the 
point A\ 



Sect. VI.] PROBLEMS. 167 

at the point A^ in the straight line AH^ make the angle 
HAC equal to the angle DEF\ 



A 




and, at the point A^ in the straight line AG, make the 
angle GAB equal to the angle DFE ; and join BC. 

ABC shall be the triangle required. 

Proof. Because GAH touches the circle ABC, and A C 
is drawn from the point of contact A, 

therefore the angle HAC is equal to the angle ABC in the 
alternate segment of the circle. (111. 19.) 

But the angle HACis equal to the angle DEF. 

Therefore the angle ABC is equal to the angle DEF. 

For the same reas(Hi the angle ACB is equal to the 
angle DFE. 

Therefore the remaining angle BAC is equal to th$ 
remaining angle EDF. 

Wherefore the triangle ABC is equiangular to the tri- 
angle DEF^ and it is inscribed in the circle ABC*. 

Problem 8. 

About a given circle to circumscribe a trian^ equiangulctr 
to a given triangle. 

* Euclid, IV. 3. 
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Let ABC be the given circle, and DEF the given tri- 
angle : it is required to describe a triangle about the drde 
ABCy equiangular to the triangle DEF, 

Construction. Produce EF both ways to the points 
G, H\ take JT the centre of the circle ABC\ 

h 




from K^ draw any radius Ji^B ; 

at the point J^, in the straight line J^B, make the angle 
BXA equal to the angle 1>EG, and the angle BJ^C equal 
to the angle £>FIf; 

and through the points A, B, C, draw the straight lines 
ZAM, MBN, NCL, touching the circle ABC: 

ZJ[fJV shall be the triangle required. 

Proof. Because LM, MN^ NL touch the circle ABC 
at the points A^ B, C, 

to which from the centre are drawn KAy KBy KCy 

therefore the angles at the points Ay B^ C are right 
angles. 

And because the four angles of the quadrilateral figure 
AMBKzit together equal to four right angles, 

(for it can be divided into two triangles,) 

and that two of them KAMy KBMzx^ right angles. 
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therefore the other two AKB^ AMB are together equal to 
two right angles. 

But the angles DEG^ JDEF are together equal to two 
right angles. 

Therefore the angles AKB^ AMB are equal to the 
angles DEG, DEF-, 

of which the angle AKB is equal to the angle I>EG ; 

therefore the remaining angle AMB is equal to the re- 
maining angle DEF. 

In the same manner the angle LMN may be shewn to 
be equal to the angle DFE, 

Therefore the remaining angle MLN\% equal to the 
remaining angle EDF. 

Wherefore the triangle 'LMN is equiangular to the tri- 
angle DEFy and it is described about the circle ABC*. 

Problem 9. 

On a given straight line to describe a segment of a circle 
containing an angle equal to a given angle. 

Let AB be the given line, C the given angle. 




Euclid* IV. 3. 
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Construction, At the point A make an angle BAD 
equal to the angle C (i. Prob. 6). 

Then if a circle be described to touch AD in A^ and 
to pass through B, the segment of that circle alternate to 
BAD will be the segment required. (Th. 19.) 

To find the centre of this circle, draw 1^^ at right 
angles to AD : then AO S& the locus of the centres of all 
circles which touch AD at A, (in. 18. r.) 

Bisect AB at right angles by the line EO^; then EO is 
the locus of the centres of circles which pass through A 
and B. (iii. 3. Cor.) 

Therefore O, the point of intersection of these lines, 
is the centre of the circle required. 

With centre O and radius OA or OB describe a circle, 
which will touch AD at A and pass through B^ and there- 
fore the segment AFB contains an angle equal to the 
alternate angle BADy that is to the given angle C*. 

Problem 10. 

From a given circle to cut off a segment containing a 
given angle. 

Let -^-^C be the given circle; it is required to cut off 
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from it a segment containing an angle equal to the given 
angle Z>. 

Constructioiu At A any point on the circumference 
draw the tangent AT\ (in. Prob. 3.) 

and at the point A in the straight line AT roako, the 
angle TAE equal to D (i. Prob. 6), and let AE meet the 
circle again m F^ 

then the segment cut off by AFy remote from AT^ shall 
contain an angle equal to the alternate angle FAT {111, 19), 
and therefore the segment ABF contains an angle equal 
toZ>* 



Theorem 25. 

If the whole circumference of a circle is divided into any 

number of equal arcs^ the inscribed polygon formed by the 

chords of these arcs is regular ; and thd circumscribed polygon 

formed by tangents drawn at all the points of division is also 

regular. 

Part. En, Let the circumference of the circle ABC be 




♦ Euclid, III. 34. 
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divided into any number of equal arcs in the points A, B^ 
C, D,.,, it is required to prove that the polygon A BCD.,. 
is regular, and that so is also the polygon formed by 
tangents drawn at the points A, B, C... 

Proof, Because the minor arcs AB, BQ CD.,, are all 
equal, the chords AB, BC, CD... are equal, 

and therefore the polygon A BCD... is equilateral Also 
each of the angles ABC^ BCD... stands upon an arc that 
is made up of all but two of the equal arcs into which the 
circle is divided ; thus they stand upon equal arcs, and are 
therefore equal, and therefore the polygon is also equi- 
angular. 

It is therefore regular. 

Again, draw tangents at the points A^ B^ C... and let 
them form the polygon PQR.... Take O the centre of the 
circle and join OAj OB. 

Because the interior angles of the quadrilateral OAPB are 
equal to four right angles (i. 26.) 

and those at A and B are right angles : 

therefore the angles APB and AOB are together equal to 
two right angles, and APB is the supplement oi AOB. 

Similarly, each of the other angles of the circumscrib- 
ing polygon is supplemental to one of the angles at the 
centre that stand upon the equal arcs into which the circle 
has been divided, and which are therefore equal. 

Hence the polygon is equiangular. 

Again, join OP^ OQ. Then because the tangents from 
P make equal angles with the line PO to the centre of the 
circle, the angle OPB is one half the angle APB. 
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Similarly OQB is half the angle BQCy which has been 
shewn to be equal to APB. 

Therefore the angle OPB is equal to the angle OQB; 
and therefore 0B= OQ. (i. 8,) 

Similarly it can be shewn that OQ^^ OB, and thus all 
the lines from O to the angular points of the circumscribing 
circle are equal, and a circle may be described with centre 
O passing through them alL Describe it ; then since OA, 
OBf and OC ait all equal therefore the sides jPQ, QB,,.. of 
the polygon are chords in it equally distant from the centre 
and are therefore equal. Hence the polygon formed by 
the tangents at A, B, (7,... is equilateral, and is therefore a 
regular polygon. 

Theorem 26. 

If straight lines are drawn bisecting two angles of a 
regular polygon, the point in which the bisectors intersect 
is equidistant from all the vertices of the polygon and from 
aU the sides. 

Part, En, Let ABCDE,,, be a regular polygon, and 
let BO, CO be drawn bisecting the adjoining angles ABC 




and BCD, It is required to prove that the point ^ in 
which they meet is equidistant from all the angles and all 
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the sides of the polygon, and that it lies on all other 
bisectors of the angles of the polygon. 

Proof, Join OD, Then because in the triangles OBC^ 

one 

MC^ CD (Hyp.) 

CO is common, 

and BCO = DCO ; (Hyp.) 

therefore the triangles are equal, and 

the angle CBO=^ CDO\ 

and therefore CDO is equal to one half one of the angles of 
the regular polygon. Therefore the line OD bisects the 
angle CDE, 

And similarly we may shew that the line from O to each 
angular point of the polygon bisects that angle of the 
polygon. 

Again, because OCD and ODC are each the half of 
an angle of the polygon, they are equal, and the side 
OC=OD. 

Similarly each of the lines OA^ OB^ and OC is equal to 
the next, 

and therefore they are all equal, 

and a circle can be described with centre O passing through 
all the angular points of the polygon. Moreover the sides 
are equal chords in this circle, and are therefore equally 
distant from the centre O^ 

Hence O lies on the bisector of each angle of the poly- 
gon, and is equidistant from all its sides and angular 
points. 
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Problem ii. 

To inscribe a circle /«, or to circumscribe a circle about, a 

r^lar figure. 

Let ABCD,,. be a regular figure, it is required to in- 




B G 

scribe a circle in it, and also to circumscribe a circle about 
it 

Construction. Bisect the two adjacent angles ABC, 
BCD of the figure by the lines BO, CO meeting in O. 
From O draw the perpendicular OP on AB. With centre 
O and radius OP describe a circle, it shall be inscribed in 
the figure ABCD...\ and with centre O and radius OB 
describe a circle, it shall be circumscribed about the said 
figure. 

Proof. Because BO and CO bisect two adjacent angles 
of the regular figure ABCD... the point O where they 
meet is equidistant from all the sides of that figure. (Th. 26.) 

Therefore the circle whose centre is O and radius OP 
will pass through the feet of all the perpendiculars from O 
upon the sides of the figure, and the said sides, being 
perpendicular to the radii drawn to the points where they 
meet the circle, will touch the circle ; therefore the circle 
is inscribed in the regular figure ABCD 

Similarly, because is equidistant fi*om all the angles of 
the polygon ; (iii. 26.) 

therefore the circk deiacribed with centre O and radius OB 
will be circumscribed to the polygon. 
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Problem 12. 



To inscribe in, or to circumscribe abotU^ a given circle 
r^ular figures of /^ 8, 16, 32,... sides. 

Construction. Let O be the centre of the circle. Draw 
two diameters AOC, BOD at right angles to one another. 




Then because the four angles that they form at the centre 
are equal, the points A, B, C, D divide th^ circumference 
of the circle into four equal arcs. 

Again, by bisecting each of the angles thus formed at 
the centre by lines meeting the circumference, we shall 
divide the circumference into 8 equal arcs, and by repeating 
the process we can divide it into 16, 32... equal parts. 

Then the chords of the equal arcs will form a regular 
inscribed figure of the prescribed number of sides, (iii. 25.) 

and the tangents at the points of division will form a 
regular^ circumscribed figure of the prescribed number of 
sides. (lu. 25.) 
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Problem 13. 

To inscribe in, or to circumscribe about, a given circle 
regular Jigures of ^, 6, 12, 24... sides* 

Construction. Let O be the centre of the circle. In- 
scribe in the circle the equilateral triangle, BCD (iii. 




Prob. 7), and join OB, OC, OD. Then the angles BOC, 
COD, DOA are equal, (in. 5 and 3.) 

and by bisecting them by lines meeting the circum- 
ference we shall divide the circumference into six equal arcs. 
Again, by bisecting the angles which the said arcs subtend 
at the centre we shall divide the circumference into 12 
equal arcs, and by repeating the process we shall divide 
it into 24, 48... equal parts. 

Then the chords of the equal arcs will form a regular 
inscribed figure of the prescribed number of sides, (in. 25.) 

And the tangents at the points of division will form a 
regular circumscribed figure of the prescribed number of 
sides. (lu. 2$s) 

w, 12 



^7^ ELEMENTARY GEOMETRY. [Book III. 



' SECTION vir. 

The Cipxle in connection with Areas. 

Theorem 27. 

If a chord of a circle is divided into two segments by a 
point in the chord or in the chord prodiuedy the rectangle con- 
tained by these segments is equal to the difference of the squares 
on the radius and on the line joining the given point with the 
centre of the circle. 

Part. En, Let Ahtz. point and CEB a circle, whose 
centre is O, Then the rectangle contained by the seg- 





ments into which A divides any chord through it, shall be 
equal to the difference between the squares on OA and on 
the radius. 
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Proof, 16m, AOzxA let it cut the circle in^5'and C, 
and draw through A any other chord DE not at rigKt 
angles to AO. Draw OF the perpendicular from O upba 
it and join 6>j^. 

Then because the square on AO is equal to the squares 
on OFy FA, (ii. 9.), 

and the square on OE is equal to the squares on OF, FE\ 

therefore the difference between the squares on OA'^n^ 
OE is equal to the difference between the squares on. 
AF^FE, 

that is, to the rectangle contained by the sum and 'differ- 
ence of ^i?" and irlff. .... (11^8.) 

But AE is the sum of AF, FE, and AD is the difference 
between AF, FE, since FE^FD) (in. 7.) 

therefore the rectangle contained by AE, AD is equal to 
the difference of the squares on AO and the radius. 

Again, \i A be within the circle 
and GAHhQ the chord bisected at 
A and OG be joined, it is obvious 
that because GA d? is a right angle 
the difference between the squares 
of OA and the radius is equal to 
the square of AG, that is, to the 
rectangle under GA, AH, 

Therefore if any chord be drawn through A the rectangle 
under the segments into which it is divided internally or 
externally by A is equal to the difference between the 
squares of the radius and the distance of A from the centre 
of the circle. 

12 — 2 
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Cor. I. The rectangle contained hy the segments of any 
chard of a drde pctssing through a given point is the same^ 
whatever de the direction of the chord*. 

CoRi 2. jy the point is within the circlCy the rectan^ 
conUUned by the s^ments of any chord pcusing through it is 
equal to the square on half that chord which is bisected by the 
given point. 

Cor. 3. If the point is without the circle^ the rectangle 
contained by the s^ments- of any chord passing through it is 
equal to the square on the tangent to the circle drawn from that 
pointf. 

For if OT be the tangent its square is equal to the 
difference between the squares of OA an4 the radius^ since 
the angle OTA is a right angle. 

Cor. 4. Conversely, if the rectangle contained by the 
segments of a chord passing through an external point is 
equal to the squctre of a line joining that point with a point 
in the circumference of the circle^ this line touches the 
circle^. 

For by the last corollary it must be equal in length 
to each of the two tangents from the point, and therefore 
must be one of them, since by Theorem 10, Cor. 3, there 
cannot be more than two equal straight lines drawn to the 
circle from a point not the centre. 

* Euclid, III. 35. t Euclid, ill. 36. § Euclid, III. 37. 
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Problem 14. 

To inscribe in a circle a regular decagon; and thence to 
circumscribe a regular decagon about a circle; also to inscribe 
in^ or to circumscribe dbouty a given circle a regular pentagon^ 
or regular Jigures of 20, 40, 80... sides. 

Construction. Let O be the centre of the circle. Take 
any radius OA and divide it in C so that the rectangle 




under OA and AC is equal to the square on OC, 

(II. Prob. 5.) 

Draw a chord AB of the circle equal to OC It shall cut off 
an arc equal to one-tenth part of the whole circumference. 

Proof. Join OB and CB^ and describe a circle round 
the triangle OBC. Then because AB is equal to OCy 
the rectangle under OA and AC \s equal to the square 
oiAB. (Constr.) 

And because the rectangle under OA^ AC the segments 
of a chord of the circle OBC drawn from the external point 
A, is equal to the square of the line joining A with a point 
B on that circle, therefore AB touches that circle; 

(ill. 27, Cor. 4.) 
and BCis a, chord drawn from the point of contact ; 

therefore the angle CBA is equal to the angle BOCixx 
the alternate segment (iii. 19.) 
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.... ^ • - 

and the angle BAC is common to the two triangles 
BCA, AOB, 




therefore the third angle ACB of the one is equal to 
the third angle ABO of the other: 

but the angle ABO is equal to the angle BAO, because 
OA is equal to OB-j (i. 6.) 

therefore the angle A CB is equal to the angle BA C, 
and therefore the side BC 1% equal to the side AB^ and 
therefore to CO] (Constr.) 

therefore OBC is an isosceles triangle, and the exterior 
angle ACB at the vertex is double of the angle BOCy one 
pf the equal angles at the base ; (i. 25.) 

but OAB and OB A are each of them equal to ACBy 
therefore they are each double the angle AOBy which is 
the remaining angle of the triangle A OB; 

therefore the angle A OB is one-fifth part of the sum of 
the angles of the triangle A OB, that is of two right angles; 

therefore it is one-tenth part of four right angles; 

therefore the arc AB on which it stands is one-tenth 
part of the whole circumference. 

We can thus divide the circumference into ten equal 
parts, and so into 20, 40, &c. by bisecting the said equal 
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parts or the angles they subtend at the centre, also' by 
taking every alternate point of division we can divide the 
circumference into five equal parts, 

and thus by joining the points of division, or drawing 
tangents to the circle thereat, we can inscribe and circum- 
scribe about the circle regular figures of 5, 10, 20... sides*. 

(ill. 25.) 
Problem 15. 

To inscribe in a circle a regular quindecagon ; and thence to 
circumscribe a regular quindecagon about a circle; also to in- 
scribe in, or to circumscribe about, a given circle regular figures 
of ^o, 60, 120... sides. 

Construction. Let AD, DE be sides of a regular pentagon 
inscribed in the circle, and AB the side of an equilateral 




triangle inscribed in the circle. Then BE shall be the fif- 
teenth part of the circumference. 

JProof. Because AE is two-fifths of the circumference 
and AB is one-third, therefore BE is one-fifteenth part of 
the circumference, 

and by proceeding as in Problems 12, 13, and 14 we can 
circumscribe a regular quindecagon about a circle, and also 
inscribe in, or circumscribe about, a given circle regular 
figures of 30, 60, 120... sidest. 

• Euclid, IV. I a t Euclid, iv. 16. 
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Remark. R^[ular polygons can therefore be constructed when the 
number of their sides is 5, 4, 5, or 15, or these numbers multiplied 
by any power of 9. And besides these no other r^;ular polygons can 
be constructed by the use of the ruler and compasses only, with the 
remarkable exception discovered by Gauss ;, who shewed that a polygon 
of 1" + 1 sides can be described by the ruler and compasses alone^ 
when n is such that 9" + i is a prime number. If n has the values 
I, 9, 3... in succession, 9" + i takes the values 3, 5, 9, 17, 33, 65, 
139, 957... of which 3> 5» i7> 957 are primes. Hence Gauss has shewn 
that regular polygons of 17 and 957 sides can be constructed by the use 
of the ruler and compasses; but the construction and proof, even for 
the first of these, are f^ too. tedious to be given ia an, elenxentary work.. 



Examples on Book IH. 

1. Two ciicles touch one anothw in Ay and have a 
common tangent BC. Shew that the angle BACis a right 
angle. 

2. AOB^ COD are two chords of a circle at righ* 
angles to one another ; prove that the squares erf" OAy OBy, 
OCy and 01>y are together equal to the square of the 
diameter. 

3. With the same hypothesis, if Mis the centre, prove 
that AB'+ CD' = ^AM' - ^0M\ 

4. Describe a circle to touch a given line in a given 
point, and p^ss through another given point 

5. Describe a circle to touch a given circle in a given 
point, and to pass through another given point. 

6. -Find the locus of the point of intersection of the 
lines which bisect the angles at the base of triangles on the 
same base and having a given vertical angle. 

(Prove that the angle between each pair of bisectors is 
the same.) 
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7. Find the locus of the points of bisection of equal 
chords in a circle. 

8. Find the locus of the centres of circles which touch 
a given circle in a given point. 

9. Find the locus of the middle point of a line drawn 
from a given point to meet a given circle. 

10. Shew that the inscribed equilateral triangle is one- 
fourth of the circumscribed equilateral triangle. 

11. A ladder slips down a wall: find the locus of its 
middle point. 

12. If firom two fixed points in the circumference of 
a circle two lines are drawn to intercept a given arc, the 
locus of their intersections is a circle. 

13. Two chords of a circle which do not bisect each 
other do not both pass, through the centre. 

14. Two shillings are moved in the corner of a box 
so that each always touches one side, and they touch one 
another; find the locus of the point of contact. 

15. Two circles cut one another, and lines are drawn 
through the points of section, and terminated by the cir- 
cumferences; shew that the chwds which join the ex- 
tremities of these lines are parallel 

16. Two equal circles intersect in A and B^ and 
any line BCD is drawn to cut both circles. Prove that 

AC=^AD. 

17. Two equal circles intersect in Ay B; a third circle 
is drawn, with centre A and any radius less than AB, 
meeting the circles in C, A on the same side of AB, 
Prove that B, C, jD lie in one straight line. 
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1 8. ACD^ ADB are two segments of circles oit the 
same base AB\ take any point C on the segment ACB, 
and join CA^ CB, and produce them if necessary to meet 
ADB in Dy E, Shew that the arc DE is constant 

19. If two circles cut each other, and from either point 
of intersection diameters be drawn, the extremities of these 
diameters and the other point of intersection shall be in the 
same straight line. 

20. If a straight line that touches a circle be parallel to 
a chord of it, the point of contact will bisect the arc cut 
off by that chord. 

21. Perpendiculars ADy CE are let fall from the 
angles A^ C of the triangle ABC on the opposite sides. 
Prove that the angle ACE is equal to the angle ADE, 

22. Two circles intersect in A, -fi, and tangents AC^ 
AD are drawn to each circle, meeting circumferences in 
Cy D, prove that BC, BD make equal angles with BA. 

23. If one of two intersecting circles pass through the 
centre jof the other, prove that the tangent to the first at 
the point of intersection, and the common chord, make 
equal angles with the radius to that point from the centre 
of the second. 

24. Given base, altitude, and vertical angle, construct 
the triangle. 

25. To draw a line from a given point such that the 
perpendicular on it from a given point shall have a given 
Length. 

26. In a given straight line to find a point at which a 
given straight line subtends a given angle. 



J 
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27r • Describe a circle to touch a given circle, and touch 
a given line in a given point. 

28. Describe a circle of given radius to touch a given 
line, and have its centre on another given line. 

29. A given chord of a circle is produced. Find a 
point in it from which the tangents to the circle shall have 
a given length. 

30. Witli a given radius describe a circle touching two 
given circles. 

31. Describe a triangle, having given the vertical angle 
and the ' segments of the base made by the line bisecting 
the vertical angle. 

32. Given base, altitude, and radius of circumscribed 
circle, construct the triangle. 

33. The triangle contained by the two tangents to a 
circle from any point and any other tangent that meets 
them and lies between the point and the circle has its 
perimeter double of either of the two tangents. Prove this ; 
and apply it to construct a triangle, having given the ver- 
tical angle, perimeter, and altitude. 

34. Given the perimeter, the vertical angle, and the 
line bisecting the vertical angle, construct the triangle. 

35. The chord AB is produced both ways equally to 
C, Dy and tangents CE, DF are drawn on opposite sides 
of CD ; shew that £F bisects AB, 

36. The three perpendiculars to the sides of a triangle 
drawn through their middle points meet in one point. 

37. The three lines which join the angles of a triangle 
to the middle points of the opposite sides intersect in one 
point. 
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38. The three petpendiculars from the angles of a 
triangle on its opposite sides intersect in one point. 

39. If two circles touch one another, the lines which 
join the extremities of parallel diameters towards o|3posite 
parts will intersect in the point of contact 

40. The circles described on the sides of a triangle 
as diameters intersect in the sides, cr sides produced, of 
the triangle. 

41. Equilateral triangles are described externally on 
the sides of a triangle; prove that the circles described 
about those triangles pass through one point. 

42. The four common tangents to two circles which do 
not meet one another intersect, two and two, on the straight 
line wihich joins the centres of the circles. 

43. Given the altitude, the bisector of the vertical angle, 
and the bisector of the base, to construct the triangle. 

44. The three circles which pass through two angles of 
a triangle and the point of intersection of the perpendiculars 
of the triangle are each equal to the circumscribing circle. 

45. If a triangle is equilateral, shew that the radii of 
the inscribed, the circumscribed, and an escribed circle are 
to one another as i, 2, 3. 

46. If circles are described with the vertices of a tri- 
angle as centres, and so as to pass through the points of 
contact of the inscribed circle with the adjacent sides, these 
three circles will touch one another. 

47. Place a straight line of given length in a circle so 
that it shall be parallel to a given diameter of the circle. 
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48. Place (when possible) a straight line of given 
length in a circle so that it shall pass through a given point 
within or without the circle, 

49. Given ^ee points, describe circles from them as 
centres so that each may touch the Qther two. 

50. On the side of any triangle equilateral triangles are 
described externally, and their vertices joined to the opposite 
vertices of the given triangle, shew that the joining lines pass 
through one point 

51. O v& the centre Qf the circle inscribed in the tri- 
angle ABC^ which touches AB^ AC in C^B \ H AO cuts 
the circle in P, and AO produced in /^, shew that P, P 
are the centres of the inscribed and escribed circles of the 
triangle ABC. 

52. Shew that the area of a triangle is equal to the 
rectangle contained by its semi-perimeter and the radius of 
the inscribed circle. 

53. Of all the rectangles inscribable in a circle, shew 
that a square is the greatest. 

54. Can a circle be inscribed in (i) a rectangle, (2) a 
parallelogram, (3) a rhombus ? 

55. Shew that the inscribed hexagon is three-fourths of 
the circumscribed hexagoa 

56. To find four points such that the line joining every 
two may be perpendicular to the line joining the other 
two. 

57. Shew that the six segments into which the points 
of contact of .the escribed circles of a triangle divide the 
sides, may be arranged in three pairs of equal segments. 
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58. Inscribe an octagon in a given circle. 

59. Describe a circle to intercept equal chords of any 
given length on three given straight lines. 

In how many ways may this problem be solved ? . 

60. At any point in the circumference of the circle 
circumscribing a square, shew that one of the sides subtends 
an angle three times as great as the others. 

61. Find the locus of points at which two sides of 
a square subtend equal angles. 

62. Find the locus of points at which three sides of 
a square subtend equal angles. 

, 63. If four straight lines intersect one another so as 
to form four triangles, prove that the four circumscribing 
circles will pass through one point 

» * ' 

64. Of all triangles that can be inscribed in a circle 
the greatest is the equilateral. Extend this to the case of a 
polygon of any number of sides. 

65. Of all triangles that can be inscribed in a given 
triangle that whose angles are the feet of the perpendiculars 
of the original triangle has the smallest perimeter. 

(>^, A straight line is divided into any two parts in C, 
and AVCy CEB are equilateral triangles on the same 
side of AB. Find the locus of the intersection of AE 
and BD. 

67. If from any point on the circle circumscribing a 
triangle perpendiculars be let fall upon the sides, the ititt of 
these perpendiculars lie in one straight line. 
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PROBLEM PAPERS ON THE TRIANGLE AND 
ITS ASSOCIATED CIRCLES. 

No. I. 

1. The three bisectors of the angles of a triangle 
pass through one point (0, and this is the centre of the 
inscribed circle. 

2. The three straight lines which bisect one angle of a 
triangle and the other two exterior angles meet in one 
point ((7), and this is the centre of an escribed circle of the 
triangle. 

3. If the inscribed circle of the triangle ABC touches 
the sides opposite Ay -5, C in C R^ S, and the circle 
escribed to the side opposite A, touches the sides or sides 
produced opposite to A, B, C, in AT, Y, Z, prove that 

AZ= AY—\ perimeter of triangle, 
and QX^AB-AC, 
and CR = BZ 

4. In the same figure prove that if a^ b, c are the 
lengths of the sides, s half their sum, AR = s-a. 

No. II. 

5. Prove that the three perpendiculars drawn to the 
sides of a triangle through their middle points meet in 
one point, which is the centre of the circumscribing circle. 

6. Prove that the three perpendiculars drawn to the 
sides of a triangle from the opposite angles intersect in one 
point [This point is often called the orthocentre. | 

{This may be deduced from (5), by drawing through each > 
vertex a parallel to the opposite side. (Catalan) ( 
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7. Prove that the three medians of a triangle intersect 
in one point (called the centre of gravity), which is a point 
of trisection of each median* 

8. If G is the centre of gravity of the triangle ABC^ 
prove that the triangles GAB^ GBC^ GCA are all equal 



No, III. 

9. If G is the centre of gravity ^ the triangle ABC^ 
prove that 

GA'^GE^^Ga^'^ ^^^^'^^^ \ 

3 

10. The centre of the circumscribing circle (/), the 
centre of gravity {G)y and the point of intersectioQ <^ the 
perpendiculars (P)j lie in one straight line, and 

IG = IGjP. 

{If i^is the middle point of AC and £ ofAB, prove the 
triangles £/F, CPB similar, and IF=\BP,\ 

I T. The circles which pass through two vertices of a 
triangle, and the intersection of the perpendiculars, will be 
equal to the circumscribing circle, 

12. The angles BIC^ CIA^ AIC are respectively 
double of the angles at A^ B, C, 

No. IV. 

13. If Qy B, Sf are the feet of the perpendiculars 
let fall from A, B, C on the opposite sides, prove that 
AQf BjR^ CS, are the bisectors of the ang^s q£. the 
triangle QBS. 
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14. Prove that if / is the centre of tlie circumscribing 
circle, and Q^RyS z& in (13), lA^ IB, IC are respectively 
perpendicular to j^.S', SQ, QR. 

15. From a centre O describe a circle ; from a point 
G on its circumference describe a second circle cutting the 
former in -5, C: and from a point / on the second circle 
describe a circle to touch MC» Prove that the other ton- 
gents from -5, Cto the third circle will intersect on the 
circumference of the first 

16. Hence shew that i£ I, f aie centres of the in- 
scribed and escribed circles of a trianglei IjT is bisected 
by the circumference of the circumscribing circle. 



No. V. 

17. /is the centre of the circumscribing circle, P 
the intersection of the perpendiculars ; £y JF, G the middle 
points of BC, CAy AB; Q, Ry S the feet of the perpen- 
diculars from Ay By C on those sides: H the middle point 
of IP. Prove that H\% the centre of a circle which bisects 
PAy PBy PCy zxA tlut its radius is half that of the circum- 
scribing circle. 

18. 1£ Ly My N zx^ the middle points of PAy PBy 
PCy prove that lE^PLy and hence that EL is bisected 
iniZ 

19. Hence prove that the circle LMN also passes 
through Ey Fy Gy and through Q, Ry S. 

[This circle is therefore called the nine point circle.] 

, Note. The advanced student will do well to set 
Catalan*s Thkortmes et ProbUmes de G'eomttrie Elimentaire. 

w. 13 
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BOOK IV. 

Fundamental Propositions of Proportion. 

SECTION I. 
Of Ratio and ProK)Rtion. 

[Although a complete treatment of Proportion, such as that con- 
tained in this Book, is indispensable to a sound knowledge of Geometry, 
Book V. may be read immediately after Book III. by students who are 
acquainted with the treatment of Ratio and Proportion given in books on 
Arithmetic and Algebra.] 

[Notation. 

In what follows, large Roman letters. A, B, etc., are used to denote 
magnitudes, and where the pairs of magnitudes compared are both of 
the same kind they are denoted by letters taken from the early part of 
the alphabet, as A, B compared with C, D ; but where they are or may 
be of different kinds, from different parts of the alphabet, as A, B com- 
pared with P, Q or X, Y. Small Italic letters w, », etc., denote whole 
numbers. By m . A or mK is denoted the tnih. multiple of A, and it may 
be read as m times A The product of the numbers m and n is denoted 
by mn, and it is assumed that mn=nm. The combination m.nA 
denotes the mth multiple of the nth multiple of A and may be read as m 
times nAf and mnA or mn . A as mn times A. 'By{m + n)Ais denoted 
m+n times A] 

I?e/. I. One magnitude is said to be a multiple of 
another magnitude when the former contains the latter an 
exact number of times. 

According as the number of times is i, 2, 3...^,. so is the 
multiple said to be the ist, 2nd, 3rd,...^/th. 
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Def^ 2. One Ins^tude is itfaid \<i \>^' 2k measure ot 
part of another magnitude when the former is contained aq 
exact number of times in the latter. 

The following property of multiples is axiomatic: — 

I. As A > =or < B, so is mK >=ot< piB (Euc, Ax, i &' 3). 

TTie converse necessarily follows, so that 

V. As piA > =or< mB, so is A > = or < B {£uc, Ax^ 1 6* 4). 

The following theorems are easily proved ^— 

3. mA-bmB+ ...=»» (A + B+ ...) {Euc. v. i). 

4. mA - iwB = »» ( A - B) (A being greater than B) (Euc. v. 5). 

5. mA-\-ftAse.(m+jt)A {Euc. y, 2). 

6. mA - »A= (»i - ft) A {m being greater than n) {Euc, v. 6). 

7. »».«A=»»«»A=T»»i, A=«.»«A (£«^. V. 3). 

2?^ 3. The ratio of one magnitude to another of the 
same kind is the relation of the former to the latter in 
respect of qtianiuplicity. 

The ratio pf A to B is denoted thus, A : B, and A is 
called the antecedent of the ratio, B the consequent. 

The quantuplicity of A with respect to B may be esti* 
mated by examining how the multiples of A are distributed 
among the multiples of B, when both are arranged in as 
cending order of magnitude and the series of multiples 

continued without limit. 

. • ■ ' ' ■ • . ■ ' , ■ 

Obs. This interdistribution of multiples is definite for two given 
magnitudes A and B, and is different from that for A and C, if C differ 
from B by any magnitude however small. See Th. 4. 

This is a very importapt definition, and may be illustrated as follows. 
(The illustration is due to De Morgan.) 

In front of a row of pillars in a street is a row of palings, the 
A B C D E 



• • • 



a b c d e f g 

pillars being A, B, &c., the palings a, b, c... in the figure. 

13— a 
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Then there is a eertain interdistributioii of the pillars among the 
palings, or in other words of the multiples of the distance between the 
pillars among the multiples of the distance between the palings. The 
TcA pillar lies between the md and 3rd palings, the 5th pillar between 
the 6th and 7th palings, and so on. 

Now if the distance between the palings or between the pillars were 
altered by any quantity however sn)all, then the distribution would be 
changed if the series were continued without limit. For if the distance 
between the palings were changed by a distance equal to say the nth 
part of the distante between the pillars, then the ;f th paling would be 
changed by the whole distance between two pillars, and therefore its 
position among the pillars would be changed. 

Def, 4. The ratio of two magnitudes is said to be equal 
to that of two other magnitudes (whether of the same or of 
a different kind from the former), when any equimultiples 
whatever of the antecedents of the ratios being taken and 
likewise any equimultiples whatever of the consequents, the 
multiple of one antecedent is greater than, equal to, or less 
than that of its consequent, according as that of the other 
antecedent is greater than, equal tO; or less than that of its 
consequent. 

Or in other words : 

The ratio of A to B is equal to that of P to Q, when mK is greater 
than, equal to, or less than mB, according as niV is greater than, 
equal to, or less than nQ, whatever whole numbers m and n may be. 

It is an immediate consequence that : 

The ratio of A to B is equal to that of P to Q ; when, m being any 
number whatever, and n another number determined so that either m\ 
)& between «B and (« + 1) B or equal to wB, according as niK is between 
«B and (;z + 1) B or is equal to «B, so is w/P between «Q and («+ 1) Q 
cr equal to »Q. 

The definition may also be expressed tHus : 

The ratio* of A to B is equal to that of P to*Q when the multiples 
of A are distributed among those of B in the same manner as the mul- 
tiples of P ar6 among those of Q. 
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' That is, ifa model were constructed of the pillars and palings, it would 
be correct, or the ratio of the distances of pillars and palings in the street 
. is the same as the ratio of the distance of pillars and palings in the 
model, if every pillar in the model fell between the same palings in the 
model, as the corresponding pillar in the street did among the palings 
in the street, the street being^ supposed to be of indefinite length. 

It will be observed that this is a method of ascertaining whether four 
magnitudes are in proportion which is wholly independent of any arith- 
metical representation of the numbers. 

Def^ 5. The ratio of two magnitudes is greater than 
that of two other magnitudes, when equimultiples of the 
antecedents and equimultiples of the consequents can be 
found such that, while the multiple of the antecedent of the 
first is greater than or equal to that of its consequent, the 
multiple of the antecedent of the other is not greater or is 
less than that of its consequent. 

Or in other words : 

The latio of A to B is greater than that of P to Q, when whole 
numbers m and n can be found, such that, while mA is greater than 
ftB, mV is not greater than wQ, or while mA=ffB, tn2 is less than nQ. 

Def, 6. When the ratio of A to B is equal to that of P 
to Q, the four magnitudes are said to be proportionals or 
to form z. proportiotu The proportion is denoted thus: 

A : B :: P : Q, 

which is read, "A is to B as P is to Q." A and Q are called 
the extremes^ B and P the nuans^ and Q is said to be the 
faurth proportioned to A, B and P. 

The antecedents A, P are said to be homologous % and 
so are the consequents, B, Q. 

* That is, occupy the same position in the ratio. 



"1 98 ELEMENTAR Y GEOMETR Y. [Book IV. 

£>ef. 7. Three magnitudes (A, B, C) of the same kind 
are said to be proportionals, when the ratio of the first to 
the second is equal to that of the second to the third: that 
is when A : B :: B : C. 

In this case C is said to be the third proportional \.o A 
and B, and B the mean proportional htt^f^tn A and C. 

Def. 8. The ratio of any magnitude to an equal magni- 
tude is said to.be a ratio of equality. If A be greater than 
B, the ratio A : B is said to be a ratio of greater inequality^ 
and the ratio B : A a ratio of less inequality. Also the ratios 
A : B and B : A are said to be reciprocal to one another. 



Theorem i. 

Ratios that are equal to the same ratio are equal to one 
another. 

Proof Let A : B :: P : Q, and also A : B :: X * Y, then 
shall P : Q :: X : Y. 

For since mk > = < «B according as wP > = < «Q 

. (Def. 4.) 
and «« A > = < «B according as /«X > = < « Y, 

therefore wP > = < «Q according as wX > = < « Y, 
and therefore (Def. 4) P : Q :: X : Y. 

Theorem 2. 

ft 

If two ratios are equdly as the antecedent of the fir^i is 
greater than, equal to, or less than its consequent, so is the 
antecedent of the second greater than, equal to, or less than its 
consequent. 
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JPraof. Let A : B :: P : Q, then as A>^<B so is 

For by DeC 4> as «rA> =< «B so mF> = < «Q, 
whatever integers m and n are. Let m and n each equal i ; 
then as. A > = <B so P > = < Q. 

Theorem 3. 
If two ratios are equal ^ their reciprocal ratios are equaL 
Proof. Let A : B :: P : Q, then B : A :: Q : P. 

For, since the multiples of A are distributed among those 
of B as the multiples of P among those of Q, the multiples 
of B are distributed among those of A as the multiples of Q 
among those of P ; and therefore 

B : A :: Q : P. ; (Def. 4.) 

Theorem 4. 

If ilie ratios of each of two magnitudes to a Jhird magnitude 
be taken^ the first ratio will be greater than^ equal to^ or less 
than the other as the first mcLgnitude is greater than^ equal to, 
or less than the other: and if the ratios of one magnitude to each 
of two others be taken^ the first ratio will be greater than, equal 
to, or less than the other c^ the first of the two magnitudes is 
less t/ian, equal to, or greater than the other. 

Proof Let A, B, C be three magnitudes of the same 
kind, then 

A : C>' = or<B : C, as A> = or<B, 

and C : A> = or<C : B, as A< = or>B. 

If A = B, it follows directly from Def 4 that A : C :: B : C 
and C : A :: B : A. 

If A > B, m can be found such that wB is less than mA 
by a greater magnitude than C. 
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Hence if »«A be between «C and {m + i)C, or if «rA=«C, 
wB will be less than «C, whence (Def. 6) A : C > B : C; 

Also, since nC>^mB while nC is not>fttA (De£ 6) 
C:B>C :A or C : A<C^B. 

If A<B, then B> A and therefore B : C>A : C, that 
is A : C < B : C, and so also C : A > C : B. 

Cor. Tke converses of both parts of the proposition are 
' trt/e, since the ^^RtUe of Conversion " is applicdbk. 

Theorem 5; 

The tatio of equimultiples of two magnitudes is equal to 
that of the magnitudes themselves. 

Proof Let A, B be two magnitudes, then mh, : wB :: 
A:B. 

For as/A> = or<fB, so is w ./A> = or<»i.^B; but 
m ./A =/ . wA and m.q'^ — q. wB, therefore as /A >- = or 
< ^B, so is / . f« A > rs or < ^ . »? B, whatever be the values of 
p and ^, and hence mK : wB :: A : B. 

Theorem 6. 

If two magnitudes (A, B) have the same ratio as two whole 
numbers {m, «), then nA^mB: and conversely if nA = mB, 
A has to B the same ratio asm to n. 

Proof Of A and m take the equimultiples «A and n.m, 
and of B and n take the equimultiples mB and m . n, 
then since A : B :: m : n, 

therefore as «A is > = < mB, so is nm> = <m. n; 
but since n,m = m.nf it follows (Def. 4) that nA = mB. 

Again since mB : nB :: m : n we have, if nA = mBy nA : 
«B :: m : «; whence it follows (Theor. 5) that A :B :: m : n. 
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Cor. Ifk : B :: P : Q<i«</ nA=mB, then nP = mQj 
whence if K he a fnuUiple, part, or multiple of a part of B, 
V is the saffu multiple, j^art, or mult^le of apart of Q. 



Theorem 7. 

If four magnitudes of the same kind be proportionals, the 
first will be greater than, equal to, or less than the third, ac- 
cording as the second is greater thou, equal to, or less than the 
fourth. 

Proof Let A : B :: C : D. 

Then if A^ C, A : B :: C : B, and therefore C : D :: C : 
B, whence B = D- 

Also if A> C, A : B> C : B, and therefore C : D > C : 
B, whence B > D. 

Again if A < C, A : B < C : B, and therefore C : D < C : 
B, whence B < D. 

Theorem S. 

If four magnitudes of the same kind be proportionals, the 
first will have to the third the same ratio as the second to the 
fourth. 

Proof Let A : B :: G : D, then A : € :: B : D. 

For (Th. 6)mKimB\iKiB and «C : hD :: C : D; 
therefore mX : »iB :: nC : «D, 

whence (Th. y ) mk > » or < nC, as »;B > = or < «D, 
and this being true for all values of m and n, 

A : C :: B : D. 
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Theorem: 9. 

If any number of magnitudes of the same Idndie proper- 
tionals^ as one of the antecedents is to its consequent, so shall the 
sum of the antecedents be to the sum of the consequents. 

Proof Let A : B :: C : D :: E : F, then A : B :: A + 
C + E:B + D + F. 

For as /«A> = <»B, so is /«C> = or<»D> 

and so also is fwE > = or < «F; whence it follows 

that so also is /«A + wC + »fE> = or<«B + »D + «F, 

and therefore so is w (A+ C + E) > = or<»(B + D + F), 

whence A :B :: A + C + E:3 + D + F» : 

Theorem 10. 

If two ratios are equals the sum or^ difference of the antece- 
dent and consequent of the first has to the consequent the same 
ratio as, the sum or difference of the antecedent and consequent 
of the other has to its consequent. 

Proof Let A : B :: P : Q, then A+ B : B :: P + Q : Q 
and A-B :B ::P~Q: Q. 

For, m being any whole number, n may be found such 
that either mh. is between «B and (« + 1) B or mK = «B, 
and therefore mX + m'B is between mB + «B and 
wB + («+ 1) B or = wB + «B; 
but »iA + /«B = »^(A+B) and /«B + «B =(»» + «) B, 

therefore »^ (A + B) is between (m + ») B and (»» + « + i) B 
or = (/« + n) B. . 

But as mK is between «B and (» + i) B or = «B, 

so is mV between «Q and (« + i) Q or =«Q; 

whence as »^ (A + B) is between (/» + «) B and (/« + « + i) B 
or =(/« + «)B, 
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so is^ (P + Q) between (w + «) Q and (w + » + 1) Q or = 
{m + «) Q, 

and therefore, since m is any whole number whatever, 

A + B : B :: P + Q : Q, 

By like reasoning subtracting ^B from mk and «B when 
A> B and therefore m<ny and subtracting /«A and «B from 
;/»B when;A< 5 and therefore m^n^ it ttiay be proved that 

. A~B : B :: P-Q : Q. 

CoR. If two ratios are equals the sum. or difference of the 
antecedent and consequent of the first hc^ to their difference or 
sum the same- ratio as the sum or difference of the antecedent 
and consequent of the second has to their difference or sum. 

Theorem ii. 

If two ratios are- equaly and equimultiples of the ante- 
cedents and also of the consequents are taken^ the multiple 
of the first antecedent has to thai of its consequent the same 
ratio as the muUiple of the other antecedent has to thai of its 
consequent. 

Proof Let A : B :: P :' Q, then mk : «B :: m2 : «Q. 

For pm. A> = OT <^.'B, 3i^pm:T> = 0T <qn.Q, 

and therefore/ . mA. > = or < q . nB, as p . mP > = or < q . «Q, 

whence, /, q being any numbers whatever, 

mA : nB :: mV : nQ. 

It ... 

Theorem 12. 

• • - 

If there he two sets of magnitudes^ such that the first is to 
the second of the first set as the first to the second of the other 
set y and the second to the third of the first set as the second to 
the third of the other, arid so on to tlie last magnitude: then the 
first is to the last of the first set as the first to the last of the 
other. 
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Proof. Let the two sets of three magnitudes be A, B, C 
and P, Q, R, 

and let A : B :: P : Q and B : C :: Q : R, 

then A * C :: P : R. 

[Lemma. — ^As A > = or < C, so is P < = or < R. 

Forif A>C, A : B>C : B and C : B :: R : Q, 

therefore P : Q > R : Q, whence P > R. 

Similarly if A « C or if A < C. Hence the lemma is proved.] 
By Theor. 6, mK : »iB :: tii^ : /wQ, and by Theor. ii, 
f«B :«C :: m(X : «R> whence by the lemma as »iA> = or 
< //C, so is m? > = or < «R, and therefore, m and n being 
any numbers whatever, 

If there be more magnitudes than three in each set, as 
A, B, C, D and P, Q, R, S ; 

then, since A : B :: P : Q and B : C :: Q : R, 

therefore A : C :: P : R; but C : D :: R : S, 

and therefore A : D :: P : S. q. e. d. 

Cor. If a : B :: Q : R and B : C :: P : Q, then 
A : C :: P : R. 

Proof, Let S be a fourth proportional to Q, R, P, 
then Q : R :: P : S, 
tiierefore Q : P :: R : S, (Th. 8.) 

and P : Q :: S : R. (Th. 3.) 

Hence A : B :: P : S and B : C :: S : R, 
therefore A : C :: P : R« 
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Def. 9. If there are any number of magnitudes of the 
same kind, the first is said to have to the last the ratio 
compounded of the ratios of the first to the second, of the 
second to the third, and so on to the last magnitude. 

Def, 10. If there are any number of ratios, and a set 
of magnitudes is taken such that the ratio of the first to the 
second is equal to the first ratio, and the ratio of the second 
to the third is equal to the second ratio, and so on, then the 
first of the set is said to have to the last the ratio compounded 
of the original ratios. 

Obs, From these definitions it follows, by Theor. 12, 
that if there be two sets of ratios equal to one another, 
each to each, the ratio compounded of the ratios of the first 
set is equal to that compounded of the ratios of the other 
set 

Also that the ratio compounded of a given ratio and its 
reciprocal is the ratio of equality. 

Def. When two ratios are equal, the ratio compounded 
of them is called the duplicaie ratio of either of the original 
ratios. 

Def, When three ratios are equal, the ratio compounded 
of them is called the triplicate ratio of any one of the original 
ratios. ' 

SECTION II. 

Fundamental Geometrical Propositions. 

Lemma. 

If on two straight lines ABy CD cut by two parallel 
straight lin^s ACy BD equimultiples of the intercepts 
respectively are taken ; then the line joining the points of 
division will be parallel to ^ C or BD. 
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Let BE^ DF be equimultiples oiAB^ CD; 
Then willJSi?' be parallel to ^Z>. 




Proof. Join AD, DE, EC, BF. 

Since the triangles ABD, CBD are on the same base 
BDy and of the same altitude, they are equal. 

(ii. 2. Cor. I.) 

Also whatever multiple BE is of ABy the same multiple 
is the triangle DBE of the triangle ABD, and the triangle 
DBF of the triangle CBD : 

Therefore the triangle i5'^Z>=the triangle FBD^ and 
they are on the same base BD ; 

therefore EF is parallel to BD, (ii. 2 Cor. 3.) 



Theorem i. 

If two straight lines are cut by three parallel straight lines, 
the intercepts on the one are to one another in the same ratio as 
the corresponding intercepts on the other^ 
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Proof. ' Let the three parallel lines AA', BB', CC, cut 
other two lines in A, B, C, and A', B', C respectively ; 

then AB ; BC ;: A'B' : B'C 




On the line ABC take BM = »*. AB and BN = «.BC,Mand 
N being taken on the same side of B. Also on the line 
A'B'C take B'M' = m. A'B' and B'N' = n . B'C, M', N' being 
on the same side of B' as M, N are of B. Then by the 
Lemma MM' and NN' are both parallel to BB', Hence, 
whatever be the values of m and «, 

r 

as BM (or m . AB) is greater than, equal to, or less than BN 
(or«.BC), 

so is B'M' (or m . A'B') greater than, equal to, or less than 
B'N' (or n . B'C), 

therefore AB : BC :: A'B' ; B'C, - 

It will be observed that the reasoning holds good, whether B 
be between A and C or beyond A or beyond G 
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Cor. I. If the sides of a irian^ are cui by a straight 
line parallel to the hase^ the s^gmeTits of one side are to one 
another in the same ratio as the s^ments of the other side. 

Cor. 2. Jf two straight lines are cut by four paraUd 
straight lines the intercepts on the one are to one another in the 
same ratio as the corresponding intercepts on the other. 



Theorem 2. 

A given finite straight line can be divided internally into 
segments having any given ratioy and also externally into 
segments having any given ratio except the ratio of equality: 
and in each case there is only one such point of division. 

Proof Let AB be the given straight line and, since any 
given ratio may be expressed as the ratio of two straight 




lines, let AC, CD be two lines having the g^ven ratio taken 
on an indefinite Hne drawn from A making aliy angle with 
AB ; join DB ; draw CE parallel to DB ; then will CE 
(Theor. i) divide AB internally in E in the given ratio. 
If it could be divided internally at F in the samq ratio, BG 
being drawn parallel to CF to meet AD in G, AF would be to 
FB as AC to CG, and tlierefore^ not as AC to' CD. Hence 
E is the only point which divides AB internally in the g^v^i 
ratio. If CD be taken so that A an^ D ar^ on the saoi^ 
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side of C, the like construction will determine the external 
point of division. In this case the construction will fail, 
if CD=AC. A like demonstration will shew that there 
can be only one point of external division in the given 
ratio. 



Theorem 3. 

A straight line which divides the sides of a triangle pro- 
portionally is parallel to the base of the triangle. 

Let AP : PB :: AQ : QC; 
then will FQ be parallel to PC. 

For if not, if possible let some other line 
PQ' be parallel to PC. 

Then AP : PP ;: AQ' : QC; 

(Th. I, Cor. I.) 

but AP ; PP :: AQ : QC; (Hyp.) 

Therefore AQ : QC :: AQ : QC; 
which is impossible ; (Th. 2.)b 

and therefore PQ is parallel to PC. 




Theorem 4. 

Redangles of equal altitude are to one anotlier in the same 
ratio as their bases. 

Proof. Let AC, BC be two rectangles having the 
common side OC and their bases OA, OB on the same side 
ofOC. 

In the line OAB indefinitely produced, take OM = m . OA 
and ON = n . OB, and complete the rectangles MC and 
NC. 

w, 14 
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ThenMC = /«.ACandNC = «.BC: 
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WR 



and it is plain that as OM is greater than, equal to, or less 
than ON, so is MC greater than, equal to, or less than AC ; 
whence the rectangle AC : the rectangle BC :: base OA ; 
base OB. 

Cor. Parallelograms or triangks of the same altitude are 
to one another as their bases ^ 



Theorem 5. 

In the same circle or in eqticU circles angles at the cenireand 
sectors are to one another as the arcs on w,hich they standi 





Proof. Let O, O be the centres of two equal circles, 
and let ABy A'Bf be any two arcs in thqm ; 
then shall the angle or sector AOB be to the angle or 
sector AC/B as the arc AB is to the arc A'ff^ 



\ 
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For let AM be an arc -m,AB, then the angle or sector 
between OA and OM (reckoned correspondingly to the arc 
AM) will be m times the angle or sector A OB, 

And let A'N be an arc = « . A'J^^ and A'ffNzxi angle 
or sector n times the angle or sector A* Off : 

and according as AM]&>^ =, or < A'N^ 

so is the angle or sector AOM^, =, or < the angle or sector 
A'aN) 

and therefore as AB : A'B' :: angle or sector -4^^ : angle 
or sector A'ffff. 



14—2 



BOOK V. 



Proportion. 

Introduction. 

[For the use of those for whom it may be thought well to defer the 
study of the complete, but more difficult, mode of treatment of Propor- 
tion in Book IV., the following Definitions and Propositions referred to 
in that Book are here collected, with an indication of the principles of an 
incomplete mode of treatment by which they may be established for 
commensurable magnitudes.] 

Def, I. One magnitude is said to be a multiple of 
another magnitude when the former contains the latter 
an exact number of times. According as the number of 
times is i, 2, 3.../^, so is the multiple said to be the ist, 
2nd, 3rd...^th. 

Def, 2, One magnitude is said to be a measure or 
part of another magnitude when the former is contained 
an exact number of times in the latter. 

Def, 3. If a magnitude can be found which is a 
measure of two or more magnitudes, these magnitudes are 
said to be commensurable^ and the first magnitude is said 
to be a common measure of the others. 

It is easy to prove that commensurable magnitudes 
have also a common multiple, and conversely that mag- 
nitudes which have a common multiple are commensurable. 
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A measure of a line is any line which is contained in it an exact 
number of times. Thus an inch is a measure of a foot ; and a yard is a 
measure of a mile. So too the measure of an area is any area which is 
contained an exact number of times in it A square inch is thus a 
measure of a square yard. A measure is therefore an aliquot part of any 
magnitude which it measures. The length of a line, the extent of an 
area, or any other magnitude, is completely known when we know a 
measure of it, and how many times it contains that measure. 

In measuring any magnitude we take some standard to measure by. 
Thus in measuring length we take a yard, or a foot, or an inch. In 
measuring solids we take a cubic inch, a cubic foot, or the like. The 
standard so taken is called the unit. It may be a precise measure of the 
magnitude measured, or it may not. The number, whether whole or 
fractional, which expresses how many times a magnitude contains a 
certain unit is called the numerical value of that magnitude in terms of 
that unit. Thus in speaking of a line as 7 yards long, a yard is the 
unit of length, and the numerical value of the line in terms of that unit 
is 7. 

Two lines or magnitudes of the same kind are said to have a common 
mecLsure when there exists a unit of which they can both be expressed as 
multiples. Thus 15 inches and i foot have a common measure, for 
with the unit 3 inches, their numerical values would be 5 and 4; and 
with the unit i inch their numerical values would be 15 and la. All 
whole numbers have unity as a common measure. 

The following problem gives a method of finding the greatest 
common measure of two magnitudes, if any common measure exists, 
and illustrates the familiar Arithmetical method. 

Problem. 

To find the greatest common measure of two magnitudes^ if they have a 
common measure. 

Let AB and CD be the two magnitudes. From AB the greater cut 

E P H _ 



D 

off parts, AEt EF,., each equal to CD the less, leaving a remainder FB 
which is less than CD. 



214 ELEMENTARY GEOMETRY, [Book 

From CD cut off parts, CG,,,, equal to FB, leaving a remainder 
GD less than FS. 

From FB cut off parts Fff^ HB... equal to GDi and continue this 
process until a remainder GD is found which is contained an exact 
number of times in the previous remainder, so that no further remainder 
is left. The last remainder is then the greatest common measure. 

For, firstly, since GD measures FB, it also measures CG ; and 
therefore measures CD* But CD—AE and EF; and therefore GD 
measures AEy EF and FB ; that is it measures AB, Hence GD is a 
common measure of AB and CD. 

And again, since every measure of CD and AB must measure AF^ 
it must measure FB or C(7, and therefore also GD : hence the common 
measure cannot be greater than GD\ that is GD is the ^riftf/fj/ common 
measure. 

So also, in the figure adjoining, the first remainder is GB\ the 

E P GIL 

A ^ ' ' r-^B 

second HD ; the third IB ; the fourth ICD, which is contained exactly 
twice in IB. Hence KD is the greatest common measure, and it will 
be seen to be contained twice in IBy and therefore five times in HD, 
seven times in GB^ 12 times in CD^ and 43 times in AB. 

Hence AB and CD have as their numerical values 43 and la in 
terms of the unit KD. 

Cor. Every measure of KD is a common measure of AB and 
CD. 

When magnitudes have a common measure they are called comment 
surable. But it is very frequently the case in Geometrical figures, that 
lines and other magnitudes have no common measure; the process 
above given continuing indefinitely; the remainder becoming smaller 
at each step of the process but never actually disappearing. In 
this case the lines are said to be incommensurable. 
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Def, 4. The ratio of one magnitude to another of the 
same kind is the relation of the former to the latter in 
respect of quantuj>licity. 

The ratio of A to B is denoted thus, A : B, and A is 
called the antecedent, B the consequent. 

The complete examination of the nature of the comparison of two 
magnitudes according to quantuplicity is contained in Book IV. For 
numbers, and for magnitudes generally, so far as they are commensura- 
ble (and it is to be noted that this is not the normal^ but the exceptional^ 
case), the comparison may be made in a more simple manner either 

(i) (As is usual in Arithmetic) by considering what multiple, pari, 
or multiple of a part one magnitude is of the other ; 
or (2) by considering what multiples of the two magnitudes are equal to 
one another.] 

Def, 5. When the ratio A : B is equal to the ratio 
P : Q, i,e, either 

(i) When A is the same multiple, part, or multiple of a 
part of B as P is of Q ; or, 

(2) When like multiples of A and P are equal respect- 
ively to like multiples of B and Q ; 

the four magnitudes are said to \i^ proportionals, or to form 
proportion. 

The equality of the ratios is denoted by the symbol :: ; 
and the proportion thus, A : B :: P : Q, which is read A 
is to B as P is to Q. 

A and Q are called the extremes, B and P the means, and 
Q is said to be ikit fourth proportional to A, B and P. The 
antecedents A, P are said to be homologous to one another, 
and so also are the consequents. 
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Def, 6. If A, B, C are three magnitudes of the same 
kind such that A : B :: B : C, B is said to be the mmn 
proportional hQtwQtXi A and C, and C the third proportional 
to A and B. 

Def, 7. If there are two ratios A : B, P : Q, and C 
be taken such that B : C :: P : Q, then A is said to have 
to C a ratio compounded of the ratios A : B, P : Q. Thus 
if there are three magnitudes A, B, C, then A has to C the 
ratio compounded of the ratios A : B, B : C. 

Def. 8. A ratio compounded of two equal ratios is 

called the duplicate of either of these ratios. 

It is evident that different ratios cannot have the same duplicate 
ratio. 



General Propositions on Proportion. 

[All these propositions admit of obvious algebraical proof.] 

(i.) Ratios that are equal to the same ratio are equal 
to one another. 

(2.) Equal magnitudes have the same ratio to the same 
or to equal magnitudes. 

(3.) Magnitudes that have the same ratio to the same 
or equal magnitudes are equal. 

(4.) The ratio of two magnitudes is equal to that of 
their halves or doubles. 

(5.) If A : B :: P : Q, then B : A :: Q : P. 

(invertendo) 

(6.) If A : B :: C : D, all the four being of the same 
kind, 
then A : C :: B : D. (altemando) 
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'^7.) 


If 


A : B :: P : Q, 




then 




A + B:B::P + Q:Q, 


(componendo) 


and 




A-B : B :: P-Q : Q. 


(dividendo) 


(8.) 


If 


A : B :: C : D :: E : F, 




then 


A 


+ C + E:B + D + F::A: 


B. (addendo) 


(9-) 


If 


A : B :: P : Q 




and 




B : C :: Q : R, 




then 




A : C :: P : R. 
Theorem i. 


(ex aequali) 



If two straight lines are cut by three parallel straight lines ^ 
tJu intercepts on the one are to one another in tJu same ratio as 
the corresponding intercepts on the other. 




C Jt 



Let A, B, C be the three parallels, FQR, LMN any 
two lines intersected by them ; then shall 

PQ : QR :: LM : MN. 

Proof. Let PQi QR be commensurable, and contain 
their common measure m and n times respectively: and 
through the points of division let lines parallel to A be 
drawn to meet LM, 
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Then (by i. 32) LM and MN will be divided into m 
and n equal parts respectively, 

therefore FQ : QR :: m : n 

:: ZM : J/A: 

Cor. I. Jf the sides of a triangle are cut by a straight 
line parallel to the base, the segments of one side are to one 
another in the same ratio as the segments of the other side. 





Cor. 2. If two straight lines are cut by four parallel 
straight lines the intercepts on the one are to one another in the 
same ratio as the corresponding intercepts on the other. 




Theorem 2. 

A given finite straight line can be divided internally into 
s^ments having any given ratio, and also externally into 
segments having any given ratio except the ratio of equality: 
and in each case there is only one such point of division. 
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Let AB be the given finite straight line, and let O be 
the point of bisection of AB\ then if /* is at C? the ratio 
PA 



P 



A B 

Conceive the point P to move to the right towards B, 

PA 
then the ratio -=r^ continually increases until, when P ap- 

proaches indefinitely near to B the ratio becomes infinite; 
and for intermediate positions it has passed continuously 
through every value between i and cso (infinity). 

When P is at the right of B the ratio 

PA PB+AB AB 

PB~ PB '^'^ PB' 

and is therefore greater than i. 

AB 
When PB is very small -yp^ is very large, and as PB 

PB 

AB 
increases -p^ diminishes until it becomes indefinitely small, 

PA 

and therefore -p^ becomes as nearly equal to i as we please, 

and has passed continuously through every value between 

00 and 1. 

Hence for any assigned value of the ratio greater tiian 

1 there are two positions for P^ one between O and B^ and 
one to the right of B, 

PA 

Similarly as P moves fi:om O to A^ -p= passes through 

every value from i to o, and as it moves to the left of A it 



220 



ELEMENTARY GEOMETRY, 



[Book 



passes through every value from o to i, and therefore for 
every value of the ratio less than i there are two positions 
for /*, one between O and A^ and one to the left of A, 



Theorem 3. 

A straight line which divides the sides of a triangle propor- 
tionally is parallel to the base of the triangle. 



For let AP \ PB \\ AQ \ QC, and 

suppose PQ not parallel to BC, but if 
possible let PQ be parallel to ^C; 

then AP : PB :: AQ : QC, 

and therefore AQ : QC :: AQ' : QC, 

which is impossible by Theorem 2. 




Theorem 4. 

Parallelograms of the same altitude are to one another as 
their bases, 

Let ABCD^ PQRS be parallelograms of the same alti- 




tude on the bases AB^ PQ. 

Then shall DABC be to SPQR as AB to PQ. 
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Let AB^ PQ be commensurable, and let them contain 
their common measure m and n times respectively. Through 
the points of division draw lines parallel to the sides of the 
parallelogram. Then the parallelograms will be divided 
ifito m and n equal parts respectively, (ii. i. Cor. 2.) 

and therefore DABC : SPQR \\ m \ n 

:: AB : BQ, 

Cor. I. Triangles of the same altitude are to one another 
as their bases. 

For a triangle is half the parallelogram on the same base 
and having the same altitude as the triangle. 



Theorem 5. 

In the same circle or in equal circles angles at the centre 
and sectors are to one another as the arcs on which they stand. 

Let ABCht 2i circle, of which O is the centre. 




And let A OB, POQ be two angles at the centre. 
Then i AOB : POQ :: arc AB : arc PQ 

:: sector AOB : sector POQ. 



222 ELEMENTARY GEOMETRY, [Book V. 

Let the angles A OB, FOQ be commensurable, and let 
them contain their common measure m and n times respect- 
ively; and let the angles be divided into equal parts by 
radiL 

Then (iii. 2) the areas and sectors are also divided into 

m and n equal parts respectively, 

and therefore 

arc AjB : arc PQ :\ m : n 

:: lAOB : L FOQ 

:: sector AOB : sector FOQ. 
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SECTION I. 



Similar Figures. 



Def, I. Similar rectilineal figures are those which have 
their angles equal, and the sides about the equal angles 
proportional. 

Def, 2. Similar figures are said to be similarly described 
upon given straight lineSy when those straight lines are 
homologous sides of the figures. 



Theorem i. 

Rectilineal figures that are similar to tJie same rectilineal 
figure are similar to one another. 






Proof, Let A^ B be each of them similar to C\ 
then will A be similar to B. 

Proof Since the angles of A and B are respectively^ 
equal to the angles of C; 
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therefore also A and B are equiangular : 

and since the sides about each angle of A are in the same 
ratio as the sides about the equal angle of C\ and the sides 
about each of B are also in the same ratio, 

therefore the sides about the equal angles of A and B are 
proportionals ; 

therefore A is similar to B, (v. Def. i.) 



Theorem 2. 

If tuio triangles have their angles respectively equal, they 
are similar^ and those sides v^hich are opposite to tfie equal 
angles are homologous. 

Let ABCy DEF be two triangles, which have the 
angles of the one equal to the angles of the other, viz. 
Ay B, C respectively equal to Z>, E, /^respectively; 





Then shall they be similar, that is 

AB : BC :: JDE : EF, 
and BC : CA :: EF : FD, 

and CA : AB :: F£> : £>K 
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Conceive the angle E placed on the angle B\ then F 
and D would fall as F and jy onBC and BA^ or on those 
lines produced : and because the i F= the i C, therefore 
F'jy is parallel to CA ; 

and therefore BF : BC :: Blf : BA, (iv. i.) 

and therefore BF : j^ZX :: BC : j9^, 

that is EF : ED :: j5C : BA. 

Similarly by placing F on C, and 2? on A^ the other 
proportions are obtained; and therefore the triangles are 
similar. 

This theorem is a generalization of Theorem 15 in Book i. If iwo 
angles and a side of one triangle are respectively equal to two angles and 
the corresponding side of another trian^e, these triangles wiU be equal in 
all respects. 

Theorem 3. 

if iwo triangles have one angle of the one equal to one angle 
of the other andtJie sides about these angles proportional^ they 
are similar ^ and those angles which are opposite to the homologous 
sides are equal. 

Let the triangles ABC^ DEFYidiV^ the angles at B and 
E equal, and let BA : BC :: ED : EF, then will the trian- 
gles be similar. 

Conceive the angle E placed on the equal angle B, then 
2> and -F will fall as at 2^ and F' on the sides BA, BC, 

and since BA : BC :: ED : EF, 

therefore BA : BEi^ :: BC : BF", 

and therefore D^F^ is parallel to AC, (iv. 3.) 

w. 15 
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and the angles BDF and BFjy^ that is, D and F^ are 





equal respectively to the angles A and C Hence the trian- 
gles are equiangular and therefore similar. 

This theorem is a generalization of Book I. Theorem i6. If two 
sides and the included angle of one triangle are respectiveiy equal to 
two sides and the included angle of another, the triangles will be equal 
in all respects, 

TH£0R£M 4. 

If two triangies have the sides taken in order about each of 
their armies proportional^ they are similar , and those angles 
which are opposite to the homologous sides are equcU. 

Let ABC, DEF be two triangles which have their sides 





about each of their angles proportional, 
that is, AB : BC :: DE : EF, 

and BC : CA :: EF : FD, 

and therefore also CA : AB :: FD : DE ; 
then will the triangles ABC, DEFhe, similar. 
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Conceive a triangle equiangular to ^jffC applied to EF, 
on the opposite side of the base EF^ so that the angles 
FEGy EFG are equal to B and C respectively. 

Then since the triangle GEF is equiangular to ABC^ 
it is therefore similar, 

and therefore GE : EF :: AB : BC\ 
but AB : BC :: JDE : EF; 

and therefore GE : EF :: DE : EF; 
and therefore GE = EI?. 

Sunilarly GF^DF, 

and the triangle DEF is therefore equiangular to GEF^ 
(i. 1 8) and therefore also to ABC, 

Therefore the triangle DEF is similar to the triangle 

ABC. 

This theorem is a generalization of Book i. Theorem i8. If the 
three sides of one triangle are respectively eqtial to the three sides of another, 
these triangles will be equal in all respects. 



vTheorem 5. 

If two triangles have one angle of the one equal to one angle 
of the other y and the sides about one other angle in each propor- 
tionaly so that the sides opposite the equal angles are homologous ^ 
the triangles have their third angles either equal or supplement- 
ary and in the former case the triangles are similar. 

Let ABCy DEF be the two triangles having the angle 
B = the angle E, 

and BA : AC :: ED : DF; 

then will the angle C be equal or supplementary to the 
angle i^ 

IS— 2 
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Coil i. If the two angles given equal are righi angles or 
obtuse angles^ the remaining angles must be both acute, and 
therefore cannot be supplementary, and are there/one equal, and 
the triangles are similar. 

Coil 2. If the angles opposite to the other two homologous 
sides are both acute or both obtuse, or if one of them is a right 
angle, then these angles must be equal, and the triangles are 
similar. 

Coil 3. If the side opposite the given angle in each 
triangle is not less than the other given side, then the given 
angles must be not less than the third angles: therefore the third 
angles must be both acute; and therefore cannot be supple- 
mentary. They are therefore equal and the trian^ are 
similar^ 



Theorem 6. 

If two similar rectilineal figures are placed so as to have 
their corresponding sides parallel, all tlie straight lines joining 
the angular points of the one to the corresponding angular points 
of the other are parallel or meet in a point; and the distances 
from that point along any straight line to the points where it 
meets corresponding sides of the figures are in the ratio of the 
corresponding sides of the figures.. 
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Let ABCD, EFGHht the two rectilinear figures. 

Let ABy EC be two consecutive sides of the rectilineal 
figure ABCD^ and EF^ FG the corresponding sides of the 

A 




figure EFGH, Let AE^ BF meet in ^ : it is required to 
prove that CG passes through O. 

If not let it cut BFm some other point (/. 
Then by the similar triangles ABO, EFO, 

AB : EF :: BO : FO ; 
also by the similar triangles BCO, FGO, 

BC : FG :: BO : FO. 
But AB : EF :: BC : FG 

by hypothesis, since the rectilinear figures are similar ; 
therefore BO : FO \\ Bff : FO^^ 
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and therefore the points O^ O coincide* Bk. iv. 2. 

.% CG does pass through : and in the same manner 2>j£r 
passes through O. 

CoR. Similar rectilineal figures may he divided into the 
same number of similar triangles^ 




For if one rectilineal figure were placed within the other, 
and with their corresponding sides parallel, as in the figure, 
the lines AE^ BF^ CGy />Zr would all meet in one point O^ 
andT the triangles into which the polygons are respectively 
divided are similar. 

Def. 3. The point determined as in Theor. 6 is called 
a centre of similarity of the two rectilineal figures. 



Theorem 7. 

In a right-angled triangle if a perpendicular is drawn from 
the right angle to tlie hypotenuse it divides the trian^e into two 
other triangles which are similar to the whole and to one 
another. 
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Let ACB be the triangle, right-angled at C; CD the 
peipendicular. 




Then the triangles C4Z>, ^^Chave two angles CAD 
and CD A of the one equal respectively to BAC^ BCA of 
the other ; therefore they are equiangular, and similar. 

In the same manner DCB is equiangular and similar to 
either Z>-4 Cor CAB. 

CoR. AD : DC :: DC : DB, 

or the perpendicular from the right angle of a right-angled 
triangle on the hypothenuse is a mean proportional between 
the segments of the base. 

Also BA : AC :: AC : AD, 

and AB : BC :: BC : BD, 

or the side of a right-angled triangle is a mean proportional 
between the hypothenuse and the projection on it oftliat side. 



Theorem 8. 

Jf from any angle of a triangle a straight line is drawn 
perpendicular to the base, the diameter of the circle circum- 
scribing the triangle is a fourth proportional to the perpenr 
dicular and the sides of the triangle which contain thai 
angle. 
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Let ABC be a triangle, and 
let AD be drawn from the angle 
A perpendicular to the base BC; 
and let CE be the diameter of the 
circle circumscribing the triangle 

ABC'y 

then shall 

AD : AB :: AC : CE. 

Proof. Join AE. 

Then the triangles ADB, CAE have the angles 
ABD=CEA in the same segment, and ADB = CAE 
being right angles ; therefore they are similar, and therefore 

AD : AB :: AC : CE. 




Theorem 9. 

If the interior or exterior vertical angle of a triangle is 
bisected by a straight line which also cuts the basCy the base 
is divided internally or externally in the ratio of the sides of 
the triangle. And, conversely, if the base is divided internally 
or externally in the ratio of the sides of the triangle, the straight 
line drawn from the point of division to the vertex bisects the 
interior or exterior vertical angle. 
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Let ABC be a triangle, BD the bisector of the angle 
ABC. 

Then will AD : DC :: AB : BC. 

Draw CE parallel to BD to meet AB produced. 

Then by parallelism the angle BCE—ihit angle DBC^ 
and the angle BEC = the angle ABD or i^^Z?. But 
ABD or jFBD = DBCy and therefore the angle ^CLff = the 
angle -5^C; and therefore BE = BC 

But because AE^ ACzxe cut by the parallels DB^ CE\ 
therefore AD : DC :: -4-5 : BE, iv. 2. 

that is, AD : i7C :: ^-5 : BC 

CoR. I. Conversely, if AD : DC :: AB : -ffC, /Aw 
.52? is the bisector of the angle ABC, or of CBF, according as 
A C is divided internally or externally in D, 

For there is only one internal bisector of the angle, and 
only one point D which divides the base internally or 
externally, so that 

AD \ DC V. AB : BC\ 

and therefore, since the bisector divides the base in this 
ratio, the line which divides the base in this ratio is the 
bisector. 

(This may also be proved directly.) 

CoR. 2. If KQ = BC, then the ratio of AD' : D'C be- 
comes = I, which indicates that D' is at an infinite distance 
(by IV. 2). Ifence the external bisector of the vertical angfe 
of an isosceles triangle is parcUld to the base. 

CoR. 3. Jf^ moves so that the ratio AB : BC £r «w- 
stant, the bisectors of the interior and exterior angles will 
always pass through the fixed points D, D' which divide AC 
internally and externally in thcU ratio. 
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SECTION XL 



Areas. 



Theorem 10. 



If four straight lines are proportional the rectangle contained 
by the extremes is equal to the rectangle contained by the means; 
and^ conversely^ if the rectangle contained by the extremes is 
equal to the rectangle contained by the means the four straight 
lines are proportional 
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Let AhetoBasCtoZ>; 
then will the rectangle contained by A and JD be equal to 
the rectangle contained by C and JD, 

Proof Construct the rectangle EFGHy with the sides 
EP^ A,PG = I>', and also the rectangle HFKL, with the 
sides HF=By PK= C; and place them so that EP, FH 
are in one straight line, and therefore also GPy PK in one 
straight line. 

Complete the rectangle GH. 

Then rectangle EG : rect GIT :: EP : PIT; (nr. 4) 

:: A : B; 
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and rect KH : recL GH :: KF : GF\ 

:: C : D\ 
but A \ B V. C : 2?; 

therefore rect ^(ff : rect GH :: rect -^ZT : rect. GH\ 
therefore rect jB6^ = rect GH\ 

that is, the rectangle contained by A and D is equal to the 
rectangle contained by C and D. 

Conversely, if the rectangle contained by A and D is 
equal to the rectangle contained by B and £7, 

then A \ B V. C \ D. 

Proof, The same construction being made, 
because rect ^dr = rect KH^ (Hyp.) 

therefore rect EG : rect GH ;: rect KH : rect. GHy 
but rect EG : rect GH :: -Si^ : irl^, 

:: A : B, 
and rect KH : rect. G^ZT :: KF : FG, 

:: C \ D\ 
therefore A \ B \\ C \ D. 

CoR. .5^ three straight lines are proportional the rectangle 
contained by the extremes is equal to the square on the mean; 
andy conversely y if the rectangle contained by the extremes of 
three straight lines is equal to the square on the mean the lines 
are proportional. 

Theorem ii. 

If two chords of a circle intersect either within or without 
a circle the rectangle contained by the segments of the one is 
eqtiol to the rectangle contained by the segments of the other. 
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Let A OB, COD be the chords through O. Then is 
AOyf^OB^COy^OD. 



(L^ 





For join CBy AD. Then since the angle i? = angle 
B in the same segment, and the angle at O common to 
the two triangles AOD, BOC, the triangles are equiangular 
and similar, 

.-. AO : OD :: CO : OB, 

.'.AOxi OB=COy<OD. 

Cor. If one of the secants OCD, in figure 2, become a 
tangent, as OjE, then OC and OD become equal to 0£; 
and therefore AO : OE :: OJS : OB, and OE'^AOy^OB, 
or the square on the tangent to a circle from any point is equal 
to the rectangle contained by the intercepts on the. secant drawn 
from thai point. 



Theorem 12. 

The rectangle contained by the diagonals of a quadrilateral 
is kss than the sum of the rectangles contained by opposite sides 
unless a circle can be circumscribed about a quadrilateral, in 
which ccLse it is equal to that sum. 
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Let ABCD be a quadrilateral figure: then will the 
rectangle contained by the diagonals ACy BD be less than 
the sum of the rectangles contained by AB^ CD and by 
ADy CB respectively, unless a circle can be described about 
ABCD, 




Proof. At the point C in the straight line CD make the 
angle DCK equal to the angle ACB, and therefore also 
BCK equal to A CD', and at the point D make the angle 
CDK equal to the angle BAC^ 

Join BK. 

« 

Then the triangle CDK is similar to the triangle CAB 
by construction ; 

and therefore AB : AC :: DK i DC; 

therefore the rectangle AB x DC =iect ACx DK. 

Again, because the triangles CDK, CAB are similar, 

BC : CA :: KC : CD, 
and therefore BC : KC :: CA : CD; 

and the angle BCK is equal to the angle A CD, (Constr.) 
therefore the triangles BCK, A CD are similar, (Th, 3.) 
and BC : BK :: AC : AD; 

therefore the rect BCx AD^iect ACx BK; 



Sect. IL] AREAS. 239 

but it was proved that the rect AB x DC= rect. CA x DK; 
therefore the sum of the rectangles BC >f> AD + AB x DC 
= rectangle contained by -*4Cand the sum oi KB and KD^ 
But the sum oiKB and KD is greater than BD\ 

therefore BC x AD + AB x DC is greater than CA x BD. 

But if the quadrilateral ABCD could have a circle 
described about it, 

then the angle CDB would be equal to the angle CAB 
in the same segment ; 

and therefore the point K would fall on BD ; 

and therefore BK-k^ KD = BD. 

In this case therefore the rectangle contained by the 
diagonals is equal to the sum of the rectangles contained by 
the opposite sides of the quadrilateraL 



Theorem 13. 

If two triangles or parallelograms have one angle of the 
one equal to one angle of the other^ their areas have to one 
another the ratio compounded of the ratios of the including sides 
of the first to the including sides of the second 

Let ABCD, EBFG be the ^ 

parallelograms, and let them be T f J 

placed so as to have AB, BE J^ -j^ y^ 

in one straight line, and there- 7 / 

fore also, since the parallelo- / / 

grams are equiangular, so as to ^ ^ 

have CBy BF in one straight 

line. 
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Complete the parallelogram CBE. 

Then the ratio oiDB : BG is compounded of the ratios 
of DB : CE and of CE to BG. 

But DB : CE :: AB : BE, 

and CE : BG :: CB : BE; 

therefore, the ratio of JDB : BG is compounded of the 
ratios AB : BE and CB : BE. 

CoR. I. If two triangies or paraUdograms have one 
angle of the one supplementary to one angle of the other, their 
areas have to one another the ratio compounded of the ratios of 
the including sides of the first to the including sides of the 
second. 

Cor. 2. The ratio compounded of two ratios between 
straight lines is the same as the ratio of the rectangle contained 
by the antecedents to the rectangle contained by the consequents. 



Theorem 14. 

Triangles and parallelograms have to one another the ratio 
compounded of the ratios of their bases and of their altitudes. 

Let ABC, DEE be two triangles, having the altitudes 
AG, Z^Zr respectively; 

A 

D 





G C 

then shall the triangle ABC have to the triangle DEEihe 
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ratio compounded of the ratios-of the bases BV to JS!^, and: 
of the altitudes AG to DH. 

Proof. The triangle ABC\% half the rectangle rontained' 
by AG and BC\ (11. Th. 2.) 

and the triangle DEF\% half the rectangle contained by 
DH2ixAEF\ 

therefore the triangle ABC : triangle DEF 
:: rectangle AG.BC i rect. DII, EF, 

that is in the ratio' compounded of AG : DH and of 
BC : EF. (Th. 13. Cor. 2.) 

In the same manner it may be shewn that parallelograms 
are to one another in the ratio compounded of the ratios of 
their bases and of their altitudes. 

Theorem 15. 

Sifnilar triangles are to one another in the duplicate ratio 
of their homologous sides. 

Let ABC, DEF be similar triangles having the angles 
at A, B, C respectively equal to the angles at Z>, E, F; 

A 





O C 



then shall the triangles be to one another in the duplicate 
ratio oiBC ; EF. 

Proof Let fall the perpendiculars A G^ DH to the sides 
BC.EF, 
then, by the last theorem, 

w. 16 
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the triangle AB C is to the triangle DBF in the ratio com- 
pounded of the ratios oi AGX,o DHzxA oiBC to EF\ 

but AG : DH :: AB : DE^ by similar triangles, 

and AB : DE :: BC : EF\ (Hyp.) 

therefore AG : Z>^ :: -5C : ^i^; 
and therefore the ratio compounded of the ratios of 
AG : DH and of BC : EF is equal to the ratio com- 
pounded of the ratios ofBC: EFand of BC : EF; 
that is to the duplicate ratio ofBC : EF; (4 De£ 8.) 

therefore the triangle ABC is to the triangle DEF in the 
duplicate ratio of BC to EF 

Theorem 16. 

Tke areas of similar rectilineal figures are to one another 
in the duplicate ratio of their homologous sides. 

Let ABCDE, FQFSThe similar polygons. 

JSf 





MB 



Divide each of them into the same number of similar 
triangles by lines drawn from the points Oy ff* (v. 6. Cor.) 

Let OABy O'FQ be two similar triangles. 

Then the triangle OAB is to the triangle CFQ in the 
duplicate ratio of ^^ : FQ; (Th. 15.) 

and the triangle AOE is to the triangle FC/R in the 
duplicate ratio of AE to FR i 
but AB : FQ :: AE : FR, 
because the polygons are similar : 
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and therefore the triangle AOE is to the triangle CyPQ in 
the duplicate ratio of AB to FQ. 

Similarly it may be proved that each of the tri^gles into 
which ABCDE is divided is to the corresponding triangle 
of those into which PQRST is divided in the duplicate 
ratio of -4^ : PQ, 

Therefore the polygon ABCDE is to the polygo^n 
PQRST in the duplicate ratio of AB : PQ, 

Cor. I. Similar rectilineal figures e^re to one another as 
the squares described im 4heir homologous sides. 

For if ABCj DEF are squares, then by the theorem 
AC : DFv& the duplicate ratio of BC : EF, 




D 



E 



But any similar polygons similarly described on BC and 
EF3xt to one another in the duplicate ratio oi BCXo EF; 
therefore they are in the ratio of the squares on BC 
andEF 

Hence, further, if: three straight lines are in continued 
proportion, the first is to the third in the duplicate ratio ©f 
the first to the second ; 

but the squares on the first and second are in the duplicate 
ratio of the first to the second ; 

therefore the first is to the third, as the squate described ou 
the first is to the square described on the second : 

16 — 2 
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and therefore, further, if three straight lines be in continued 
proportion, the ist : 3rd as any polygon described on the 
I St : the similar and similarly described polygon on the 
2nd. 

Cor. 2. If four straight lines are proportioned and a 
pair of similar rectilineal figures are similarly described on the 
first and second^ and also a pair on the third and fourth^ these 
figures are proportional; and conversely ^ if a rectilineal figure 
on the first of four straight lines is to the similar and similarly 
described figure on the second as a rectilineal figure on the third 
is to the similar and similarly described figure on the fourth^ 
the four straight lines are proportional. 






t7 



P ^ R S 



Let AB : CJ? :: FQ : J^S, 

and let the figures ABIf, CDK, and likewise Zi'G ^^^» 
be respectively similar, and similarly situated on AB, CD, 
PQ, BS; 

then ABIT : CZ^iT :: ZPQ : MPS. 

Proof. Since AB : CD \i PQ \ PS, 
therefore the duplicate ratio oi AB \ CD is equal to the 
duplicate ratio of PQ : PS. 

But HAB : KCD in the duplicate ratio of AB : CD, 
and LPQ : MPS in the duplicate ratio of PQ \ PS; 

therefore IfAB : KCD :: LPQ : MRS. 
The converse follows by the rule of identity. 
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Theorem 17. 

In any right-angled triangle^ any rectilineal figure described 
on the hypoihenuse is equal to the sum of two similar and 
similarly described figures on the sides. 

Let ABC be a triangle right-angled at C; and let 
APQB, BRSC, CTUA be similar figures similarly de- 




scribed on the sides AB, BC, CA, that is, figures of which 
AB^ BCy CA are homologous sides. 

Then will APQB = BRSC + CTUA. 

Draw C!^ perpendicular to AB, 

Then AB : BC :: BC : BH by similar triangles, 
and therefore (v. 7. Cor.) 

APQB : BRSC :: AB : BH (v. 14. Cor. 3) : in the 
same manner it may be shewn that 

APQB : CTUA :: AB : AH, 
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and therefore 

AFQB : BRSC+ CTUA :: AB : BH^AH', 

but AB^BH^AH\ 

and therefore APQ^B = QRSC + CTUA. 

It Is obvious that a special case of this theorem is the 
theorem proved before, that the square on the hypothenuse 
of a right-angled triangle is equal to the sum of the squares 
on the sides. 
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SECTION III. 



Loci and Problems, 



Loci. 



L The locus of a point whose distances from two fixed 
straight lines are in a constant ratio is a pair of straight lines y 
passing through the point of intersection of the given lines^ if 
they intersect^ and parallel to thenty if the lines are parallel 




First, let OAy OB intersect in O^ and let F be one of 
the points on the locus, so that FM ; FN in the given 
ratio. 

Join OFy and let Q be any point in OF. 
Draw QFy QS perpendicular to OA^ OB. 
Then Q will be a point on the locus. 
For by similar triangles OQR^ OFM, 

FM : QR :: OF : OQ, 
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and for the same reason 

FN : QS :: OP : OQ; 
therefore PM : PN :: (IR : QS, 

and therefore Q is a point on the locus ; that is every point 
on a certain straight line through O satisfies the given 
condition. 

Similarly there will be a line OP dividing the angle at 
O supplementary to BOA. 

Secondly, let the lines AB^ CD 
be parallel 

Let P be a point on the locus, 
and let QP be parallel to AB^ 
then QA : QC :: PB : PD^ 

and therefore Q is a point on the 
locus; 

that is the locus consists of the line QP parallel to AB and 
CD. 

Similarly there will be a line parallel to AB dividing BD 
externally in the same ratio. 

ii. The locus of a point whose distances from two fixed 
points are in a constant ratio {not one of equality) is a circle. 

Let A, C be the fixed points, and let B be one of the 
points on the locus, such that AB : BC in the given 
constant ratio. 
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Let 2?, iy divide AC internally and externally in the 
given ratio, so that 

AD : DC :: AD' : D'C 
:: AB : BC 
Join DB, UB. 

Then, since AB \ BC \\ AD : DC, . 
DB bisects the angle ABC; (Th. 9.) 

and since AB : BC :: AD' : D'C, 

D^B bisects the exterior angle at B ; (Th. 9^) 

but the bisectors of adjacent supplementary angles are at 
right angles to one another ; 

therefore the angle DBDf is a right angle ; 

therefore the locus of B is the circle described on Dp as 
diameter. 

Problem i. 

To divide a straight line similarly to a given divided 
straight Hne, 




Let AB be the given divided line, and let it be required 
to divide AX similarly to AB. 

Construction. Place AX so as to make an angle with 
AB. 

Join -5^; 
and through C, D^ the points of division of AB^ 
draw CZ, Z> Fparallel to BX\ 
then AX is divided similarly to AB. 
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Proof. Through Z draw ZMN parallel to AB to meet 
DY,BXmM,N. 

Then because CZis parallel to DYy 

therefore AZ \ ZY .\ AC \ CD\ 

and because MY is parallel to NX^ 

therefore ZY % YX :. ZM i ZN 

:: CD : DB\ 

and therefore AX is divided similarly to AB. 

Problem 2. 

To divide a straight line internally or externally in a given 
ratio *. 

Let AB be the given line, C and D the lines which have 
the given ratio ; then it is required to divide AB into two 
parts^ which have to one another the ratio of C : J?. 

Construction. From A draw a line A£ making any 
angle with AB, and cut off parts Alf, HK equal to C and 



D respectively. Join KB, and draw HP parallel to JCB. 
P will be the point of division required. 

* By a ghm ratio U meant the ratio of two ^ven lines, or of two 
given numbers : and since two lines, can always be found which have 
the ratio of two given numbers, it follows that a given ratio can always 
be represented by the ratio of twa^ven lines. 
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Proof, For smce HP is parallel to KB^ 
therefore AP : PB :: AH : HK\ 

but AH= C; and HJ^= D \ 

therefore AP \ PB v. C \ D, 

that is, AB is divided into two parts which are to one an- 
other in the given ratio. 

Note, This construction divides the line iniemally into 
parts which have the given ratio. If it is required to divide 



my 






it externally^ HK must be measured in the opposite direc- 
tion along AE^ as in the figure. 

The proof will be the same as before. 

Problem 3. 
From a given straight line to cut off any part required. 

Let AB be the given straight line : it is required to cut 
off from it any part required. 




A E B 

Construction, Draw any line AX making an angle with 
AB\ 
produce AX indefinitely ; and cut off along it parts equal to 
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AX until a length AY \& obtained which is the same 
multiple of AX that AB is to be of the part required. 

Join BY\ 

and through X draw ^Z .parallel to YB, 

Then AL is the part required. 

Proof. Because XL is parallel to YB^ 
therefore AL \ AB w AX : AY\ 

therefbre AL is the same part of AB that AX is Xx^ AY^-y 
that iS| AL is the part required. 

Problem 4. 

72? find a fot4rth proportional to three given straight 
lines, 

tret Aji Bf C be the given straight lines to which it is 
required to find a fourth proportional 

Construction. Take any angle X^ and on one of its arms 
take XD, DE equal to A^ B respectively : and on the other 
arm take XF equal to C. Join DF^ and draw ^ZT parallel 
to DF^ to meet A!^ produced in H, 



3 
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Then shall FHhQ the line required. 

Proof. For since 2^-^ is parallel to EH, 

XD : DE :: XF : FH, 
but XDy DE, and XF are equal to A, B, C respectively; 
therefore A \ B v. C \ FH\ 

that is, FH\& the fourth proportional required. 

Cor. Hence a third proportional to two given straight 
lines can he found, by taking C=B. 

Problem 5. 

To find a mean proportional between two given straight 
lines. 

Let Ay B, be the given straight lines : it is required to 
find a mean proportional between A and B. 

Construction. Take HK, KL in the same straight line, 
equal to A and B respectively. On ZTJT describe a semi- 



ir ™ir I, 



circle, and draw KM perpendicular to HL to meet the 
circumference in iVC ATil/' is the line required. 

Proof. Join HM, MIL Then since HML is a semi- 
circle, HML is a right angle ; therefore MK, the perpen- 
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dicular from the right angle on the hypothenuse, is a mean 
proportional between the segments of the base ; (v. 7. Cor.) 
that is, MK is a mean proportional between HK and KLy or 
between A and B. 



Problem 6. 

On a straight line to describe a rectilineal figure similar to 
a given rectilineal figure. 

Let ABCD be the given rectilineal figure, PQ the given 
straight line: it is required to describe on PQ a rectilineal 
figure similar to ABCD, 

G 





Coftstruction. Join DB: at P, Q make angles QPI^, 
PQjR equal respectively to BAD, ABD : at P, Q, in the 
straight line RQ, make angles QRS^ PQS equal respectively 
to BDC, DBC. 

Then will the figure PQSP be similar to the figure 
ABCD. 

Proofi By construction the angles of the figure PQSR 
are respectively equal to the angles of the figure ABCD : 
and by similar triangles ABD^ PQPt 

AB : BD :: PQ : QP; 

again, by similar triangles DBCy PQS^ 

BD : BC :: QP : QSy 

and therefore AB : BC :: PQ : QS. 
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In the same manner it may be shewn that the sides 
about each of the equal angles are proportionals : 
therefore the figure PQSR is similar to the figure ABCD, 



Problem 7. 

To describe a rectilineal figure equcU to one and similar to 
another given rectilineal figure. 

Let ABCD be the given rectilineal figure to which the 
required figure is to be similar; E that to which it is to be 
equal. 




d> 




Construction, On AB construct a parallelogram AFGB 
equal to ABCD\ (11. Prob. 2.) 

On BG construct a parallelogram equal to E^ and 
having an angle GBK= the angle FAB : (11. Prob. 2.) 

between AB and BK^nd a mean proportional LMi 

(v. Prob. 5.) 

On LM describe a rectilineal figure LMNO similar to 
ABCDf so that ZM is homologous to AB» (v. Prob. 6.) 

Proof. Since AB : LM :: LM : BK, 
therefore AB : BK\s the duplicate ratio oi AB : LM^ 

And since AB : BK :: AG : BH\ (iv. 4.) 
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and A BCD : LMNO is the duplicate ratio of AB : LM\ 

(v. i6. Cor. I.) 
therefore AG : BH :: -^^CZ> : LMNO\ 
but ^ (9 = ABCD, (Constr.) 

therefore the figure LMNO = the parallelogram BJf; 
but the parallelogram BIf= the figure JS, (Constr.) 

therefore the figure LMNO is equal to the figure -£", 
and it is also similar to the figure A BCD, 

Miscellaneous Theorems and Problems. 

1. The bisector of an angle of an equilateral triangle 
passes through one of the points of trisection of the perpen- 
dicular from either of the other angles on the opposite side. 

2. The bisectors of the angles of a triangle intersect in 
one point. 

3. ABC^ PQ.R are two parallel lines such that 

AB : BC :: PQ : QE: 

prove that AF^ BQy CR are either parallel or meet in one 
point 

4. The external bisector of the vertical angle of an 
isosceles triangle is parallel to the base. 

5. The line joining the middle points of the sides of a 
triangle is parallel to the base^ and is equal to half the 
base. 

6. The triangle formed by joining the middle points of 
the sides of a triangle is similar to the original triangle, and 
has one fourth of its area. 
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7. The lines that join the middle points of adjacent 
sides of a quadrilateral form a parallelogram. Under what 
circumstances will it be a rhombus, a square, or a rectangle? 

8. ABC is a triangle, and in -^ C a point A is taken, 
and BB is cut oflf from CB produced, so that AA' = BB^. 
Prove that A'B^ is cut by AB into parts which have to one 
another the ratio CB : CA. 

9. To inscribe a square in a triangle. 

10. If two triangles are on equal bases between the 
same parallels any straight line parallel to their bases will 
cut off equivalent areas from the two triangles.. 

1 1. Make an equilateral triangle equivalent to a given 
square. 

1 2. Find a point O within the triangle ABC, such that 
OABy OAC, ^-^C shall be equivalent triangles. 

13. The angle A of a, triangle ABC is bisected by a 
line that meets the base in D: BC is bisected in O. Prove 
that OB : OJD r. AB + AC : AB-^AC 

14. Given the base, vertical angle, and ratio of the 
sides, construct the triangle. 

. 15. Perpendiculars are drawn from any point within an 
equilateral triangle on the three sides ; shew that their sum 
is invariable. 

16. Deduce from PtQlemy's Theorem that if P is any 
point in the circumference of the circle circumscribing an 
equilateral triangle ABC, of the three lines PA, FB^ PC 
one is equal to the sum of the other two. 

w. 17 
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17. From any point in the base of a triangle lines are 
drawn parallel to the two sides. Find, the locus of the inter- 
section of the diagonals of the parallelograms so formed. 

18. In a quadrilateral figure which cannot be inscribed 
in a circle the rectangle contained by the diagonals is less 
than the sum of the rectangles contained by the opposite 
sides. 

19. AB is a ^ven line, and CD a given length on a 
line parallel to AB^ and AC^ BD intersect in O : prove that 
as CD varies in position, the locus of (7 is a line parallel 
\oAB. 

20. AB is a diameter of a circle of which AEF^ BEG 
are chords. CED is drawn through E at right angles to 
AB\ prove that CFDG is a quadrilateral such that the 
ratio of any pair of its adjacent sides is equal to the ratio of 
the other pair. 

21. Divide a given arc of a circle into two parts which 
have their chords in a given ratio to one another. 

22. If in two similar triangles lines are drawn from two 
of the equal angles to make equal angles with the homolo- 
gous sides, these lines shall have to one another the same 
ratio as the sides of the triangle. 

23. To make a rectilineal figure similar to a given recti- 
lineal figure, and having a given ratio to it 

24. To find two straight lines which shall have the 
same ratio as two given rectangles. 

25. To describe on a given straight line a rectangle 
equal to a given rectangle. 
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26. To make an isosceles triangle^ with a given vertical 
angle, equal to a given triangle. 

27. Let P^ Q be points in AB, and AB produced, so 
that AF : FB :: AQ : QB, and let O be the middle point 
of FQ ; prove AOxBO^ OP'. 

28. In any triangle ABC the rectangle AB x AC is 
equal to the rectangle contained by the diameter of the 
circle circumscribing the triangle, and the perpendicular 
from A on BC. 

29. Hence shew that if A be the area of a triangle 
ABCf D the diameter of the circumscribing circle, 

AxD = ^ABxBCy. CA. 

30. Construct a rectangle equal to a given square, and 
having the sum of its adjacent sides equal to a given straight 
line. 

31. Construct a rectangle equal to a given square, and 
having the difference of its adjacent sides equal to a given 
square. 

32. Describe a rectangle equal to a given square, and 
having its sides in a given ratio. 

^^. If ABC is a triangle inscribed in a circle, and the 
tangent at A meets BC produced in £>, prove that 

CD : BD :: CA' : BA\ 

34. AB is a diameter of a circle, and at A and B 
tangents are drawn to the circle. If PCQ, be a tangent at 
any point C, cutting the tangents at A^ B in -P, C prove 
that the radius of the circle is a mean proportional between 
the segments PC^ QC, 
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35. With the same figure prove that if AQ, -^Jointer- 
sect in -^, then CJi is parallel to AP or BQ. 

56. If two triangles AJEjFy ABC have a common angle 
A^ prove that 

triangle AEF : triangle ABC=AE.AF : AB.AC. 

37. Given two points in a terminated straight line, find 
a point in the straight line such that its distances firom the 
extremities of the line are to one another in the same ratio 
as its distances from the fixed points. 

38. Divide a given straight line into two parts such 
that their squares may have a given ratio to one another. 

39. AB is divided in C; shew that the perpendiculars 
from Ay B on any straight line through C have to one an- 
other a constant ratio. 

« 

40. From the obtuse angle of a triangle to draw a line 
to the base which shall be a mean proportional between the 
segments of the base. 

41. Divide a given triangle into two parts which shall 
have to one another a given ratio by a line parallel to one of 
the sides. 

'42. If from any point in the circumference of a circle 
perpendiculars be draVm to the sides, or sides produced of an 
inscribed triangle, prove that the feet of these perpendiculars 
lie in one straight line. 

43. If a line be divided into any two parts to find the 
locus of the point in which these parts subtend equal 
angles. 
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44. If two circles touch each other externally, and also 
touch a straight line, prove that the part of the line between 
the points of contact is a mean proportional between the 
diameters of the circles. 

45. Any regular polygon inscribed in a circle is a mean 
proportional between the inscribed and circumscribed regular 
polygons of half the number of sides. 

46. ABC is a triangle, and O is the point of intersec- 
tion of the perpendicular from ABC on the opposite sides 
of the triangle : the circle which passes through the middle 
points of OA, OBy OC^ will pass through the feet of the 
perpendiculars, and through the middle points of the sides of 
the triangle. 

47. Describe a circle to touch a given straight line 
and a given circle, and to pass through a given point 

48. A and B are two points on the same side of a 
straight line which meet AB produced in C Of all the 
points in this straight line find that at which AB subtends 
the greatest angle. 

49. Inscribe a square in a given pentagon. 

50. ABCD is a quadrilateral figure circumscribing a 
circle, and through the centre (7, a line EOF equally in- 
clined to AB and ^Cis drawn to meet them in E and F\ 
prove that AE : EB :: CF : FD. 
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Extra fcap. 8vo. 4r. 6d, 

A COMPLETE LATIN CObRSE, comprising Rules with 
Examples, Exercises, both Latin and English, on each Rule, 
and Vocabularies. Crown Svo. 4r. 6d, 

XSNOPBON— The Hellenica of Xenophon. Books I. and II. 
Edited, with Introduction, Notes, and Map, by H. Hailstone, 
B.A. Fcap. Svo. 4<-. 6d, 
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AIRY— Works by Sir G. B. AIRY, K.CB., Astronomer 
Royal: — 

ELEMENTARY TREATISE ON PARTIAL DIF^ 
FERENTIAL EQUATIONS. Designed for the Use of 
Students in the Universities. With Diagrams. Second Edition. 
Crown 8vo. 5^. 6^. 

ON THE ALGEBRAICAL AND NUMERICAL 
THEORY OF ERRORS OF OBSERVATIONS AND 
THE COMBINATION OF OBSERVATIONS. Second 
Edition, revised. Crown Svo. dr. 6d. 

UNDULATORY THEORY OF OPTICS, Designed for 
the Use of Students in the Uniyersity. New Edition. Crown 
8yo. 6;. 6d, 

ON SOUND AND ATMOSPHERIC VIBRATIONS. 
With the Mathematical Elements of Music. Designed for the 
Use of Students in the University. Second Edition, Revised 
and Enlarged. Crown 8vo. ^. 

A TREATISE OF MAGNETISM. Designed for the Use 
of Students in the University. Crown 8vo. 91. 6d. 

AIRY (OSMUND)—^ TREATISE ON GEOMETRICAL 
OPTICS. Adapted for the use of the Higher Classes in 
Schools. By Osmund Airy, B.A., one of the Mathematical 
Masters in Wellington College. Extra fcap. 8vo. y. 6d. 

BA'YWA'-THE ELEMENTS OF MOLECULAR MECHA- 
NICS. By Joseph Bayma, S.J., Professor of Philosophy, 
Stonyhurst College. Demy 8yo. lOf. 6d. 
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^AN ELEMENTAR Y TREA TISE ON PLANE 



TRIGONOMETRY, With Examples. ByR. D. BeaSLEY, 
M.A.y Head Master of Grantham Grammar School. Fifth 
Edition,, revised and enlarged. Crown Svo. 3j. td, 

BXiACKBURN {-BJJOU) -- ELEMENTS OF PLANE 
TRIGONOMETRY, for the use of the Jimior Class in 
Mathematics n the University of Glasgow. By Hugh 
Blackburi^, M.A., Professor of Mathematics in the Univer- 
sity of Glasgow. Globe 8va is, 6d, 

-BOOLE— Works by G. BOOLE, D.C.L., F.R.S., late Professor 
of Mathematics in the Queen's University, Ireland. 

A TREATISE ON DIFFERENTIAL EQUATIONS. 
Third and Revised Edition. Edited by I. Todhunter. Crown 
8vo. i^r. 

A TREATISE ON DIFFERENTIAL EQUATIONS. 
Supplementary Volume. Edited by I. Todhunter. Crown 
8vo. %s. 6d. 

THE CALCULUS OF FINITE DIFFERENCES. 
Crown 8vo, lOf. 6d. New Edition, revised by J.- F. 

MOULTON. 

BROOK-SMITH (S.\— ARITHMETIC IN THEORY AND 
PRACTICE. By J. Brook-Smith, M.A., LL.B., St. 
John's College, Cambridge ; Barrister-at-Law ; one of the 
Masters of Cheltenham College. New Edition, revised. 
Crown 8vo. 41. 6d. 

**K valuable Manual of Arithmetic of the Scientific kind. The best 
we have seen." — Literary Churchman. 

'CAMBRIDGE SENATE-HOUSE PROBLEMS and RIDERS 
VITITH SOLUTIONS:— 

iSj^-^PROBLEMS AND RIDERS. By A. G. Greenhill, 
M.A. Crown 8vo. Ss. 6d, 

CANDLER— ^^Z/* TO ARITHMETIC. Designed for the 
use of Schools. By H. Candler, M.A., Mathematical 
Master of Uppingham School* Extra fcap. 8vo. 2J. 6(/. 
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OHBYN»-i^A^ ELEMENTARY TREATISE ON THK 
PLANETARY THEORY. By C. H. H. Cheynb, M.A., 
F.R.A.S. With n Collectioii of Problems. Second Edition. 
Crown 8to. dr. (xi. 



COLLECTION OF ELEMENTARY TEST^ 
QUESTIONS IN PURE AND MIXED MATHE^ 
MATICS ; with Answers and Appendices on Synthetic 
I>iTision« and on the Solution of Numerical Equations by 
Homer's Method. By James R. Christie, F.R.S.« Royal 
Military Academy, Woolwich. Crown 8vo. &r. 6^. 

CLIFFORD— r-MT ELEMENTS OF DYNAMIC. An In- 
troduction to the Study of Motion and Rest in Solid and fluid 
Bodies. By A. K. Clifford, F.R.S., Professor of Applied 
Mathematics and Mechanics at University College, London.. 
Part I. Crown Svo. *js, 6d, 

eemsMino^AN introduction to the theory 

OF ELECTRICITY. By LiNN-«us Cumming, M.A., 
one of the Masters of Rugby SchooL With Illnstiations. 
Crown 8va &r. td. 

eUTHBERTSON — £ UCLIDIAN GEOME TR Y. By Francis 
CuTHBERTSON, M.A., LL.D., Head Mathematical Master of 
the City of London SchooL Extra fcap. Svo. 45. (td. 

DAXtTON— Works by the Rev. T. DALTON, M.A., Assistant 
Master of Eton College. 

RULES AND EXAMPLES IN ARITHMETIC. New 
Edition. i8mo. zr. 6</. 

Answers to the Examples are appended. 

RULES AND EXAMPLES IN ALGEBRA. Part L 
.Second EditioB. i8mo. 2s. Part II. iSmo. zs. 6d. 
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'DATI'-PROPERTIES OF CONIC SECTIONS PROVEI> 
GEOMETRICALLY. Part I., THE ELLIPSE, withr 
Problems. By the Rev. H. G. Day, M.A., Head Master of 
Sedbargh Grammar School. Crown 8vo. ^j*. 6^. 



--GEOMETRICAL TREATISE ON CONIC SEC- 
TIONS. Bj W. H. Drew, M.A., St. John's Coll^e^ 
Cambridge; Fifth Edition, ealaiged. Crown Svo. $s, 

SOLUTIONS TO THE PROBLEMS IN DREWS 
CONIC SECTIONS. Crown 8vo. 4r. &f, 

3BBOAR (J. H.) and PRITOHARD (O. %.)^NOTE-BOOK 
ON PRACTICAL SOLID OR DESCRIPTIVE GEO- 
METRY. Containing Problems with help for Solutions. By 
J. H. Edgar, M. A., Lecturer on. Mechanical Drawix^ at the 
Royal School of Mines, and G. S. Pritchard. Thixd Edition, 
revised and enlarged. Globe 8vo. y. 



—Works by the Rev. N. M. FERRERS, M.A., Fellow 
and Tutor of Gonville and Caius Collie, Cambridge. 

AN ELEMENTARY TREATISE ON TRI LINEAR 
CO-ORDINATES, the Method of Reciprocal PoUt% and 
the Theory of Projectors. Third Edition, revised. Crown 8vo. 

AN ELEMENTARY TREATISE ON SPHERICAL 
HARMONICS, AND SUBJECTS CONNECTED WITH 
THEM. Crown 8vo. yj. 6^. 

PROflT— Works by PERCIVAL FROST, M. A^ formerly Fellow 
of St. John's CoUegei Cambri(^e ; Mathematical Lecturer of 
King's CoU^e. 

AN ELEMENTARY TREATISE ON CURVE TRA- 
CING. By PERCIVAL Frost, M.A. 8vo. i%s,\ 

SOLID GEOMETRY. A New Ed^ion, mvised and enlarged, 
of the Treatise by Frost and Wolstsnhqlme. In 2 Vols. 
Vol. I. 8vo. i6s. 
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4»ODFRAY— Works by HUGH GODFRAY, M,A,, Mathematical 
Lecturer at Pembroke College, Cambridge. 

A TREA TISE ON ASTRONOMY, for the Use of Collies 
and Schools. New Edition. 8vo. I2J. (xL 

AN ELEMENTARY TREATISE ON THE LUNAR 
THEORY, witha Brief Sketch of the Problem up to the time 
of Newton. Second Edition, revised. Crown Sto. 51. 6^ 

MBMVLUX^—AN ELEMENTARY TREATISE ON THE 
DIFFERENTIAL AND INTEGRAL CALCULUS, for 
the Use of Collies and Schools. ByG. W. Hsmming, M.A., 
Fellow of St John's Coll^e^ Cambridge. Second Editioiiy 
with Corrections and Additions. Svow 9f« 

^MkCKBOV — GEOMETRICAL CONIC SECTIONS. An 
Elementary Treatise in which the Conic Sections are defined 
as the Plane Sections of a Cone, and treated by the Method 
of Projection. By J. Stuart Jackson, M. A., late Fellow of 
Gonville and Caius CoU^e, Cambridge. Crown 8vo. 45. 6iL 

;rBI.U5T (JOHNH.)— ^ TREATISE ON THE THEORY 
OF FRICTION By John H. Jellet, B.D., Senior Fellow 
of Trinity CoU^e, Dublin; President of the Royal Lish 
Academy. 8vo. &r. 6^. 

-JONBS and QU.'EYVt'B— ALGEBRAICAL EXERCISES. 
Progressively Arranged. By the Rev. C. A. Jones, M.A., and 
C. H. Cheyne, M.A., F.R.A.S., Mathematical Masters of 
Westminster School. New Edition. i8mo. 2s. 6(L 

.KBLX.AND and TAIT— INTRODUCTION TO QUATER- 
NIONSy with numerous examples. By P. Kelland, M.A., 
F,R.S. ; and P. G. Tait, M.A., Professors in the department 
of Mathematics in the University of Edinburgh. Crown 8vo. 

JKITCHBNBR— ^ GEOMETRICAL NOTE-BOOK, containing 
Easy Problems in Geometrical Drawing preparatory to the 
Study of Geometry. For the use of Schools. By F. E 
Kitchener, M.A., Mathemathical Master at Rugby; Third 
Edition. 4to. 2s. 
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tOLAXSVr^I/ATURAL GEOMETRY: an Introductiott to the 

Logical Study of Mathematics. For Schools and Technical 

Classes. With Explanatory Models, based upon the Tachy* 

metrical Works of Ed. Lagout. By A. Mault. i8mo. u. 

Models to Illustrate the above, in Box, 12s, 6d, 

VJBnniMAXi — ELfAfEJVTS OF THE METHOD OF 
LEAST SQUARES. By Mansfield MerriAan, Ph.D* 
Crown 8vo. 7j. 6d^ 

wiamasl—elemehts OF descriptive geometry. 

By J. B. Millar, C.E., Assistant Lecturer in Engineering in 
Owens College, Manchester. Crown 8vo. dr. 

MORGAN — ^ COLLECTION^ OF PROBLEMS AND 
EXAMPLES IN MATHEMATICS, With Answers. 
By H. A. Morgan, M.A., Sadlerian and Mathematical 
Lecturer of Jesus CoUege, Cambridge. Crown 8yo. ts, 6d, 

NE^WTON'S PRINCIPIA. Edited by Prof. Sir W. THOMSON 
and Professor Blackburn. 4to. doth. 31J. 6d, 

"Undoubtedly the finest edition of the text of the 'Principia' which 
has hitherto appeared. "—Educational Times. 

THE FIRST THREE SECTIONS OF NEWTON'S 
PRINCIPIA, With Notes and Illustrations. Also a col- 
lection of Problems, principally intended as Examples of 
Newton's Methods. By Percival Frost, M.A. Third 
Edition. 8yo. I2j. 

PARKINSON— Works by S. PARKINSON, D.D., F.R.S.» 
Tutor and Prselector of St. John's College, Cambridge. 

AN ELEMENTARY TREATISE ON MECHANICS. 
For the Use of the Junior Classes at the University and the 
Higher Classes in Schools. With a Collection of Examples. 
Fifth Edition, revised. Crown 8vo. cloth. 9^. 6^. 

A TREATISE ON OPTICS Thbd Edition, revised and 
enlarged. Crown Svo. cloth. lor. 6d, 
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\— ELEMENTARY HYDROSTATICS. With Nu- 
merons Examples. By J. B. Phear, M.A., Fellow and late 
Assistant Tutor of Claxe Coll^ne, Cambridge. Fourtli Edition. 
Crown 8vo. cloth. 5j. 6^. 

Y\BX^— LESSONS ON RIGID DYNAMICS, By the Rev. 
G. PiRiE, M.A., Fellow and Tutor of Queen's CoU^e, 
Cambridge. Crown 8vo. dr. 

VtJCKJ^ -AN ELEMENTARY TREATISE ON CONIC 
SECTIONS AND ALGEBRAIC GEOMETRY. With 
Num^ous Examples and Hints for their Solution ; especially 
designed for the Use of Beginners. By G. H. Puckle, M.A. 
Fourth Edition, revised and enlarged. Crown 8vd. 'js, 6d. 

UA-WJ^KBOIX— ELEMENTARY STATICS, by the Rev. 
George Rawlinson, M.A. Edited by the Rev. Edward 
Sturges, M.A. Crown 8vo, 4s, 6d, 

RAVliBIGH— r^y^ THEORY OF SOUND. By Lord 
Rayleigh, M.A., F.R.S., formerly Fellow of Trinity College, 
Cambridge. In 2 Vols. 8vo. Vol. I. I2J. (d. Vol. II. 
I2X. (>d. 

VLEmxoW>S^MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown 8vo. 3J. 6d. 

ROXJTH— Works by EDWARD JOHN ROUTH, M.A.,F.R.S., 
late Fellow and Assistant Tutor of St. Peter's Coll^;e, Cam- 
bridge ; Examiner in the University of London. 

AN ELEMENTARY TREATISE ON THE DYNAMICS 
OF THE SYSTEM OF RIGID BODIES. With numerous 
Examples. Third and enlarged Edition. 8vo. 211. 

STABILITY OF A GIVEN STATE OF MOTION, 
PARTICULARLY STEADY MOTION. Adams* Prize 
Essay for 1877. 8vo. 8j. ^. 

SMITH— Works by the Rev. BARNARD SMITH, M.A., 
Rector of Glaston, Rutland, late Fellow and Senior Bursar 
of St. Peter's Collie, Cambridge. 

ARITHMETIC AND ALGEBRA^ in their Principles and 
Application ; with numerous systematically arranged Examples 
taken from the Cambridge Examination Papers, with especial 
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SMITH Continued — 

reference to the Ordinary Examination for the B.A. Degree. 
Thirteenth Edition, carefullyirevised. Crown 8vo. loj. td. 

**To all those whose minds are sufficiently developed to comprehend 
the 'Amplest mathematical reasoning, and who have not yet thoroughly 
mastered the principles of Arithmetic and Algebra, it is ciucuiated to be 
of great advantage." — ^Athbn^um. 

*' Mr. Smith's work is a most useful publication. The rules are stated 
with great clearness. The examples are well selected, and worked out 
ynxh just sufficient detail, without bein^ encumbered by too minute exj^- 
nadons : and there prevails throughout it that just propordon of theory and 
jmacdce which is the crowning excellence of an elementary work." — iJsAM 
Peacock. 

ARITHMETIC FOR SCHOOLS, New Edition. Crown 
Svo. '4f. 6^. 

"Adnurably adapted for instrucdon, combining just sufficient theory 
with a laige and well-selected collecdon of exercises for pracdce." — 
Journal ok Education. 

A KEY TO THE ARITHMETIC FOR SCHOOLS. 
New Edition. Crown Svo*. &f, 6d, 

EXERCISES IN ARITHMETIC. Crown 8vo. Ihnp cloth. 
2s. With Answers. 2J. 6d. 

Or sold separately, Part I. I.r. ; Part II. I^. ; Answers, 6d, 

SCHOOL CLASS-BOOK OF ARITHMETIC. i8mo. 
cloth. ^. 
Or sold separately. Parts I. and II. lod, each ; Part III. is. 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC. 
Parts I., II., and III., 2s, 6d, each. 

SHILLING BOOK OF ARITHMETIC FOR NA TIONAL 
AND ELEMENTARY SCHOOLS. i8mo. cloth. Or 
«epamtely. Part I. 2d. ; Part II. 3^ 5 Part III. jd. Answers. 

THE SAME, with Answers complete. i8mo, doth, is! 6d, 

KEY TO SHILLING BOOK OF ARITHMETIC. 
i8mo. 4J. 6d. 

EX AMI N A TION PAPERS IN ARITHME TIC. i8mo. 
IX. (id. The same, with Answers, i8mo. 2s. [Answer8/6^. 
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SMITH CofUimted— 

KEY TO EXAMINATION PAPERS IN ARITH- 
METIC, i8mo. 4j. 6d, 

THE METRIC SYSTEM OF ARITHMETIC, ITS 
PRINCIPLES AND APPLICATIONS, with numerons 
Examples, written expressly for Standard V. in National 
Schools. Third Edition. iSmo. doth, sewed. 3</. 

A CHART OF THE METRIC SYSTEM, on a Sheet, 
size 42 in. by 34 in. on Roller, monnted and varnished price 
3J. 6d. Third Edition. 



«■ 



' We do not remember that ever we have seen teaching by a qhart more- 
luippily carried out." — School Boasd Chroniclb. 

Also a Small Chart on a Card, price id. 

EASY LESSONS IN ARITHMETIC, combining Exercises 
in Reading, Writing, Spelling, and Dictation. Part'L for 
Standard L in National Schools.* Crown 8vo. gd. 

** We should strongly advise evo]^ one to study carefully Mr. Barnard 
Smith's Lessons in Arithmetic, Writing, and SpeUii^. A more excellent 
little work for a first introduction to Knowledge cannot well be written. 
Mr. Smith's laiger Text-books on Arithmetic and Algebra are alrobdy 
most favourably known, and he has proved now that the difficulty of writing 
a text-book which b^ns eUf ovo is really surmountable ; but we shall be 
much mistaken if this little book has not cost its author more thought and 
mental labour than any of his more daborate text-books. The ^lan to 
combine arithmetical lessons with those in reading and spelling ts per- 
fectly novel, and it is worked out in accordance with the aims of our 
National Schools ; and we are conrinced HbaX. its general introduction in 
all elementary schools throughout the country will produce great educa- 
tional advantages."— Wbstminstbr Review. 

EXAMINATION CARDS IN ARITHMETIC, (Dedi- 
cated to Lord Sandon.) With Answers and Hints. 

Standards I. and II. in box, \s. Standards III., IV. and V., 
in boxes, i^. each. Standard VL in Two Parts, in boxe% 
\$. each, 

A and B papers, of nearly the same difficulty, are given so as to 
prevent copying, and the Colours of the A and B papers differ in 
each Standard, and from those of every other Standsud, so that a 
master or mistress can see at a glance whether the children have the 
proper papers. 
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8NOWBAXA — THE ELEMENTS OF PLANE AND 
SPHERICAL TRIGONOMETRY; with the Construction 
and Use of Tables of Logarithms. By J. C. Snowball, M. A. 
Eleventh Edition. Crown Svo. 7^. 6d, 

SYIaltABUS OF PUkNE GEOHBTRY (corresponding to 
Euclid, Books I. — VI.). Prepared by the Association for the 
Improvement of Geometrical Teaching. Third Edition. Crown 
Svo. IX. 

TAIT aad STESIiE— ^ TREATISE ON DYNAMICS OF 
A PARTICLE, With numerous Examples. By Professor 
Tait and Mr. Steele. Fourth Edition, revised. Crown Svo. 
1 2 J. 

T-RI^IL-V --ELEMENTARY MENSURATION FOR 
SCHOOLS. With numerous Examples. By Septimus 
Tebay, B.A., Head Master of Queen Elizabeth's Grammar 
School, Kivington. flxtra fcap. Svo. 51. 6d, 

TODHUNTBR— Works by I. TODHUNTER, M.A., F.R.S., of 
St. John's College, Cambridge. 

'* Mr. Todhunter is chiefly known to students of Mathematics as the 
author o£ a series of admirable mathematical text-books, which possess 
the rare Qualities of being clear in style and absolutely free from mistakes, 
typograpnical or other."— Saturday Rbvibw. 

THE ELEMENTS OF EUCLID. For the Use of Colleges 
and Schools. New Edition. iSmo. 5/. 6<f. 

MENSURATION FOR BEGINNERS. With numerous 
Examples. New Edition. iSmo. 2x. 6d. 

ALGEBRA FOR BEGINNERS. With numerous Examples. 
New Edition. iSmo. 2s. 6d. 

KEY TO ALGEBRA FOR BEGINNERS. Crown Svo. 
6s. dd. 

TRIG O NOME TR Y FOR BEGINNERS. With numerous 
Examples. New Edition. iSmo. 2f. &/. 

KEY TO TRIGONOMETRY FOR BEGINNERS. 
Crown Svo. Sj. 6d. 

b 
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TODBUNTER Continued-- 

MECHANICS FOR BEGINNERS. With numerous 
Examples. New Edition. i8mo. 4;. 6d. 

ALGEBRA. For the Use of CoU^es and Schools. Seventh 
Edition. Crown 8vo. 7j. 6d, 

KEY TO ALGEBRA FOR THE USE OF COLLEGES 
AND SCHOOLS. Crown 8vo. los. 6d. 

AN ELEMENTARY TREATISE ON THE THEORY 
OF EQUA TIONS. Third Edition, revised. Crown 8vo. 
7j. (ui. 

PLANE TRIGONOMETRY. For Schools and CoU^es. 
Sixth Edition. Crown 8vo. $s. \ 

KEY TO PLANE TRIGONOMETRY. Crown 8vo. 
lar. 6d. 

A TREATISE ON SPHERICAL TRIGONOMETRY. 
Third Edition, enlarged. Crown 8vo. 4J. 6d, 

PLANE CO-ORDINATE GEOMETRY, as applied to the 
Straight Line and the Conic Sections. With numerous 
Examples. Fifth Edition, revised and enlarged. Crown 8vo. 
^s. 6d. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. 
With numerous Examples. Seventh Edition. Crown 8vo. 
lar. 6d. 

A TREATISE ON THE INTEGRAL CALCULUS AND 
ITS APPLICATIONS, With numerous Examples. Fourth 
Edition, revised and enlarged. Crown 8vo. lOr. 6^. 

EXAMPLES OF ANALYTICAL GEOMETRY OF 
THREE DIMENSIONS. Third Edition, revised. Crown 
8vo. 4f. 

A TREATISE ON ANALYTICAL STATICS. With 
numerous Examples. Fourth Edition, revised and enlarged. 
Crown 8vo. lOf. 6</. 
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TODHUNTER CofUiftued— 

A HISTORY OF THE MATHEMATICAL THEORY 
OF PROBABILITY^ from the time of Pascal to that of 
Laplace. 8vo. i&r. 

RESEARCHES IN THE CALCULUS OF VARIA- 
TIONS, principally on the Theory of Discontinuous Solutions : 
an Essay to which the Adams Prize was awarded in the 
University of Cambridge in 1871. Svo. 6r. 

A HISTORY OF THE MATHEMATICAL THEORIES 
OF ATTRACTION, AND THE FIGURE OF THE 
EARTH, from the time of Newton to that of Laplace. 2 vols. 
Svo. 24r. 

AN ELEMENTARY TREATISE ON LAPLACE'S, 
LAME'S, AND BESSEVS FUNCTIONS. Crown Svo. 
lar. 6d. 

WILSON (J. VL.)— ELEMENTARY GEOMETRY. Books 
I. II. III. Containing the Subjects of Euclid's first Four 
Books. Following the Syllabus of the Geometrical Association. 
By J. M. Wilson, M.A., late Fellow of St. John's College 
Cambridge, and Mathematical Master of Rugby School New 
Edition. Extra fcap. Svo. y, 6d. 

SOLID GEOMETRY AND CONIC SECTIONS, With 
Appendices on Transversals and Harmonic Division. For the 
Use of Schools. By J. M. Wilson, M.A. Third Edition. 
Extra fcap. Svo. y. 6d. 

WILSON (W. P.)-^ TREATISE ON DYNAMICS, By 
W. P. Wilson, M.A, Fellow of St. John's College, Cam- 
bridge, and Professor of Mathematics in Queen's College, 
Belfast Svo. 91. 6d, 

WOI.STENHOI.H&— ^ BOOK OF MATHEMATICAL 
PROBLEMS, on Subjects included in the Cambridge Course. 
By Joseph Wolsten holme. Fellow of Christ's College, 
sometime Fellow of St. John's College, and lately Lecturer in 
Mathematics at Christ's College. Crown Svo. %s, 6d, 

*' JudicioDS, symmetrical* and well arranged.*'— Guardian. 

h 2 
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SCIENCE, 

ELEMENTARY CLASS-BOOKS. 

A8TRONOBST, lij the AstroaoBMr RoyaL • 

POPULAR ASTRONOMY. With lUustrations. By Sir 
G. B. Airy, K.C.B., Astronomer Royal. New Edition. 
i8mo. 4x. 6</. 

Six lectures, intended "to explain to intelligent persons the 
principles on which the instruments of an Observatory are con- 
structed, and the principles on which the observations made 
with these instruments are treated for deduction of the distances 
and weights of the bodies of the Solar System." 

ASTRONOHT. 

ELEMENTARY LESSONS IN ASTRONOMY. With 
Coloured Diagram of the Spectra of the Sun, Stars, and 
Nebulse, and numerous Illustrations. By J. Norman Lockyer, 
F.R.S. New Edition. i8mo. Sj. 6^. 

" Full, clear, sound, and worthy of attention, not only as a popular 
exposition, but as a scientific * Index.' " — ATHBNiBUM. 

QUESTIONS ON LOCKYER^ S ELEMENTARY LES- 
SONS IN ASTRONOMY. For the Use of Schools. By 
John Forbes-Robertson. i8mo. cloth limp. is. 6d, 

PHYSIOIaOGY. 

LESSONS IN ELEMENTARY PHYSIOLOGY. With 

« 

numerous Illustrations. ByT. H. Huxley, F.R.S., Professor 
of Natural History in the Royal School of Mines. New 
Edition. i8mo. 4s. 6d. 

** Pure gold throughout. ''—Guardian. 

** Unquestionably the clearest and most complete elementary treatise 
on this subject that we possess in any language." — Westminstsr Kbvibw. 



SCIENCE. 21 

. ^ * 

EI.SHSNTART ClaASS-BOOKS Continued— 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR 
SCHOOLS, By T. Alcock, M.D4 i8mo. u. 6d, 

BOTANY. 

LESSONS IN ELEMENTARY BOTANY. By D. 
Oliver, F.R.S,, F.L.S., Professor of Botany in University 
College, London. With nearly Two Hundred Illustrations. 
New Edition. i8mo. 45. fid, 

CHSHISTRT. 

LESSONS IN ELEMENTARY CHEMISTRY, /iV- 
ORGANIC AND ORGANIC, By Henry E. Roscoe, 
F.R.S., Professor of Chemistry in Owens College, Manchester. 
With numerous Illustrations and Chromo-Litho of the Solar 
Spectrum, and of the Alkalies and Alkaline Earths. New 
Edition. i8mo. 4J. 6d, 

*' As si standard general text-book it deserves to take a leading place."— 
Spectator. 

*' We unhesitatingly pronounce it the best of all our elementary treatises 
on Chemistry." — Medical Times. 

A SERIES OF CHEMICAL PROBLEMS, prepared with 
Special Reference to the above, by T, E. Thorpe, Ph.D., 
Professor of Chemistry in the Yorkshire College of Science, 
Leeds. Adapted for the preparation of Students for the 
Government, Science, and Society of Arts Examinations. With 
a Preface by Professor Roscoe. Fifth Edition, with Key, 
iSmo. 2s, 

POLITICAIi ECONOMY. 

POLITICAL ECONOMY FOR BEGINNERS. By 
MiLLiCENT G. Fawcett. Ncw Edition. i8mo. 2j. 6d, 

*'Oear, compact, and comprehennve." — Daily News. 
" The relations of capital and laboiur have never been more simply or 
more clearly expounded." — Comtbmposarv Review. 

LOGIC. 

ELEMENTARY LESSONS IN LOGIC; Deductive and 

Inductive, with copious Questions and Examples, and a 

Vocabulary of Logical Terms. By W. Stanley Jevons, M. A. 

Professor of Logic in University College, London. New 

Edition. ' iSmo. 31. 6d, 

** Nothing can be better for a school-book." — Guardian. 

*'A manual alike simple, interesting, and sdentific"— Athbnjbum. 



22 MACMILLAN'S EDUCATIONAL CATALOGUE. 



EIiEMENTART OIiASB-BOOKS ConHimtd^ 



LESSONS IN ELEMENTAR Y PHYSICS, By Balfour 
Stewart, F.R.S., Professor of Natural Philosophy in Owens 
College, Manchester. With numerous Illustrations and Chromo- 
litho of the Spectra of the Sun, Stars, and Nebulae. New 
Edition. l8mo. 41. dd, 

*' The bean-ideal of a scientific text^book» dear, accnnte, and thorough.** 
Educational Times. 

PRACnCAX. CHBBSISTRY. 

THE OWENS COLLEGE JUNIOR COURSE OF 
PRACTICAL CHEMISTRY. By Francis Jones, Chemical 
Master in the Grammar School, Manchester. With Preface by 
Professor RoscoE, and Illustrations. New Edition. i8mo. 
2J. 6d* 

ANATOMT. 

LESSONS IN ELEMENTARY ANATOMY. By St. 

George Mivart, F.R.S., Lecturer in Comparative Anatomy 

at St. Mary's Hospital. With upwards of 400 Illustrations. 

i8mo. dr. 6d, 

** It may be questioned whether any other work on anatomy contains in 
like compass so proportionately great a mass of informadon." — Lanckt. 

"The work is excellent, and should be in the hands of every student of 
human anatomy."— Medical Timbs. 



AN ELEMENTARY TREATISE. By John Perry, 
Bachelor of Engineering, Whitworth Scholar, &c., late Lecturer 
in Physics at Clifton College. With numerous Woodcuts and 
Numerical Examples and Exercises. i8mo. 4^. 61/. 

" The young engineer and those seddng for a comprehensive knowledge 
of the use^ power, and economy of steam, could not have a more useful 
work, as'it is very inteUigibki well arranged, and pracdcal throughout."— 
Ironmomcbr. 

PHTSIOAIa GEOGRAPHY. 

ELEMENTARY LESSONS IN PHYSICAL GEO- 
GRAPHY. By A, Gei&ib, F.R,S., Murchison Professor 
of Geology, &c., Edinbuigh. With numerous Illustrations. 
i8ma 4^. 6^. 

QUESTIONS ON THE SAME. is. 6d. 
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BXiEMENTART ClaASB-BOOKS Continued— 

NATURAXi PHIIiOSOPHY. 

NATURAL PHILOSOPHY FOR BEGINNERS. By 
I. ToDHUNTER, M.A., F.R.S. Part I. The Properties of 
Solid and Fluid Bodies. i8mo. 31. 6d, 
Part II. Sound, Light, and Heat. i8mo. 3;. 6d, 



MANUALS FOR STUDENTS. 

FI.OWER (W. VL.)— AN INTRODUCTION TO THE OSTE- 
OLOGY OF THE MAMMALIA. Being the substance of 
the Course of Lectures delivered at the Royal Collie of 
Surgeons of England in 1870. By W. H. Flower, F.R.S,, 
F.R.C.S., Hunterian Professor of Comparative Anatomy and 
Physiology. With numerous Dlustrations. Second Edition 
enlaiged. Crown 8vo. lox. 6</. 

FOSTER and "BAImTOVR— THE ELEMENTS OF EMBRYO- 
LOGY. By Michael Foster, M.D., F.R.S., and F. M. 
Balfour, M.A. Part I. crown 8vo. *js. 6d, 

FOSTER and XtANGIdST--^ COURSE OF ELEMENTARY 
PRACTICAL PHYSIOLOGY. By Michael Foster, 
.M.D., F.R.S., and J. N. Langley, B.A. Third Edition. 
Crown 8vo. 6r. 



(T^.y-THE STUDENTS FLORA OF THE 
BRITISH ISLANDS. By Sir J. D. Hooker, K.C.S.L, 
C.B., P.R.S., M.D., D.C.L. Second Edition, revised. Globe 
8vo. lar. 6d. 

'* Cannot fail to perfectly fiilfil the purpose for which it is intended ***• 
Land and Watbr. 

** Certainly the fullest and most accurate manual of the kind that has 
yet appeared."— Pall Mall Gazbttb. 

HUZXAT and MARTIN—^ COURSE OF PRACTICAL 
INSTRUCTION IN ELEMENTARY BIOLOGY. By 
Professor Huxley, F.R.S., assisted by H. N. Martin, M.B., 
D.Sc. New Edition, revised. Crown 8yo. 6s, 

"It is impossible for an intellu^ent youth, with this book in his hand, 
niacin^ himself before any one ofthe organisms described, and carefully 
following the directions given, to fail to verify each point_to which his 
attention is directed."— AthbnwSUM. 



24 MACMILLAN'S EDUCATIONAL CATALOGUE. 

TLJSyaxv— PHYSIOGRAPHY. An Introduction to the Study 
of Nature. By Professor Huxley, F.R.S. With numerous 
Illustrations, and Coloured Plates. New Edition. Crown 
8vo. 7^. 6^. 

GUPr^'BL{VTiit^%fn)^FIRST BOOK OF INDIAN BOTANY. 
By Daniel Oliver, F.R.S., F.L.S., Keeper of the Herba- 
rium and Library of the Royal Gardens, Kew, and Professor 
of Botany in University College, London. With numerous 
Illustrations. Extra fcap. Svo. 6f . 6^. 

" It contains a well-digested summary of all essential knowledge 
pertaining to Indian botany, wrought out in accordance with die best 
principles of scientific arrangement.^— Allsm's Indian Mail. 

PARKER and mSTTTAJint — THE MORPHOLOGY OP 
THE SKULL. By Professor Parker and G. T. Bettany. 
Illustrated. Crown Svo. lox, 6rfl 

Other volumes of these Manuals will follow. 

NATURE - SERIES. 

THE SPECTROSCOPE AND ITS APPLICATIONS. By 
J. Norman Lockyer, F.R.S. With Coloured Plate and 
numerous Illustrations. Second Edition. Crown Svo. 3^. 6d, 

THE ORIGIN AND METAMORPHOSES OP INSECTS. 
By Sir John Lubbock, M.P., F.R.S., D.C.L. With nume- 
rous Illustrations. Second Edition. Crown Svo. 3j« 6d. 
** We can most cordially reccommend it to yovng naturalists."— Athk- 

VJEVM, 

THE TRANSIT OF VENUS. By G. Forbes, M.A., Pro- 
fessor of Natural Philosophy in the Andersonian University, 
Glasgow. Illustrated. Crown Svo. 3j. 6d. 

THE COMMON FROG. By St. George Mivart, F.R.S., 
Lecturer in Comparative Anatomy at St. Mary's Hospital. 
With numerous Illustrations. Crown Svo. 3^. 6d. 

POLARISATION OF LIGHT. By W. Spottiswoodb, F.R.S. 
With many Illustrations. Second Edition. Crown Svo. 

ON BRITISH WILD FLOWERS CONSIDERED IN RE- 
LATION TO INSECTS. By Sir John Lubbock, M.P., 
F.R.S. With numerous Illustrations. Second Edition. Crown 
Svo. 4s, 6d. 
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NATURE SERIES Continued— 

THE SCIENCE OF WEIGHING AND MEASURING, AND 

THE STANDARDS OF MEASURE AND WEIGHT. 

By H. W. Chisholm, Warden of the Standards. With 

nomerous Illustrations. Crown 8vo. 4J. dd, 

HOW TO DRAW A STRAIGHT LINE : a Lecture on link- 
ages. By A. B. Kempe. With Illustrations. Crown 8vo. is, 6d. 

LIGHT: a Series of Simple, entertaining, and Inexpensive Expe- 
riments in the Phenomena of Light, for the Use of Students of 
every age. By A, M. Mayer and C. Barnard, Crown 8vo, 
with numerous Illustrations. 2^. dd. 

Other volumes to follow, 

BALL (R. S., KM,)-'EXPERIMENTAL MECHANICS, A 
Course of Lectures delivered at the Royal College of Science 
for Ireland. By R. S. Ball, A.M., Professor of Applied 
Mathematics and Mechanics in the Royal Collie of Science 
for Ireland. Royal 8vo. I dr. 

BltANFORD^r^i? RUDIMENTS OF PHYSICAL GEO- 
GRAPHY FOR THE USE OF INDIAN SCHOOLS; 
with a Glossary of Technical Terms employed. By H. F. 
Blanford, F.R.S. New Edition, with Illustrations. Globe 
8vo. 2J. 6^. 

FLEISCHER—^ SYSTEM OF VOLUMETRIC ANALY- 
SIS, Translated, with Notes and Additions, from the second 
German Edition, by M. M. Pattison Muir, F.R.S.E. With 
Illustrations. Crown 8vo. *js, 6d, 

TOWTSBL— A TEXT BOOK OF PHYSIOLOGY, By Michael 
Foster, M.D., F.R.S. With Illustrations. New Edition, 
enlarged, with additional Illustrations and Plates. 8vo. 2.15, 

GORDON— ^iV' ELEMENTARY BOOK ON HEAT, By 
J. E. H. Gordon, B.A., Gonville and Caius College, Cam- 
bridge. Crown 8vo. 2J. 

juma^lM— STUDIES IN COMPARA TIVE ANA TO MY. No. 
I. — The Skull of the Crocodile : a Manual for Students. By 
L. C. MiALL, Professor of Biology in the Yorkshire College and 
Curator of the Leeds Museum. 8vo. zs, 6d. 
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JXVWCOIOM— POPULAR ASTRONOMY, By S. Newcomb, 

LL.D., Professor U.S. Naval Observatory. With 112 HIus- 

trations and 5 Maps of the Stars. 8vo. iSr. 

'* It is unlike anytluiig else d[ its kind, and will be of more use in circulating 
a knowledge of astronomy than nine-tenths of the books whidi have appeared 
on the subject of late ytaxs.**—SatMrday Revim. . 

BBUI.EAUX — r^i? KINEMATICS OF MACHINERY. 
Oatlines of a Theory of Machines. By Professor F. Rkulkaux. 
Translated and Edited by Professor A. B. Kknnsdy, C.E. 
With 450 ninstiations. Medium 8vo. 21/. 

ROSOOEaadSCHORXJBMMEIl— C^^il/7^Z^r, AComplet 
Treatise on. By Professor H. E. RoscoB, F.R,S., and Pro- 
fessor C. ScHO&LEMMER, F.R.S. Vol. I. — The Non-Metallic 
Elements. With numerous Illustrations, and Portrait of Dalton. 
Medium 8vo. 2ix. \VoL //. in the press, 

%J3LAXnn-^AN ELEMENTARY TREATISE ON HEAT, IN 
RELATION TO STEAM AND THE STEAM-ENGINE. 
By G. Shann, M.A. With Illustrations. Crown 8vo. 45; 6</. 

"WniGUT— METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS, By C. Alder Wright, D.Sc., &c. 
Lecturer on Chemistry in St. Mary's Hospital Medical School. 
Extra f cap. 8vo. 3^. 6^. 



SCIENCE PRIMERS FOR ELEMENTARY 

SCHOOLS. 

Under the joint Editorship of Professors Huxley, Roscoe, and 

Balfour Stewart. 

"These Primers are extremely simple and attractivet and thoroughly 
answer their purpose of Just leading the young be^nner up to the thresh- 
old of the long avenues in the Palace of ifature which these titles suggest." 
— Guardian. 

"They are wonderfully clear and lucid in their instructioo, simple in 
style, and admirable in plan." — Educationai, Tibibs. 

CHEMISTRY — By H, E. Roscx>E, F.R.S., Professor of 
Chemistry in Owens College, Manchester. With numerotts 
niostrations. i8mo. \s. New Edition. With Questions. 

"A very model <A penpicacity and accuracy. ""-Chbmist amd Dkvg« 

GIST. 
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SOIBNCB PRIBSERS Continued— 
« PHYSICS— By Balpour Stbwa&t, F. R. S., Professor of Natural 
Philosophy in Owens College, Manchester. With numerous 
Illustrations, ififmo. is. New Edition. With Questions. 

PHYSIOAIi GEOGRAPHY — By ARCHIBALD GsiKIB, F.R.S., 

Murchison Professor of Geology and Mineralogy at £din« 

burgh. With numerous Illustrations. New Edition, with 

Questions. iSmo. u. 

"Everyone of lus lessons is marked by simplicity, clearness, and 
correctness. " — ^ATHBNiBUM. 

GEOIaOGY — By Professor Geikie, F.R.S. With numerous 

Illustrations. New Edition. i8mo. doth, is, 

** It is hardly possible for the dullest child to nusunderstand the meaning 
of a classification of stones after I^ofessor Geikie's explanation." — School 
Board Chroniclb. 

PHYSXOIiOOY— By MICHAEL FOSTER, M.D., F.R.S. With 
numerous lUustrations. New Edition. i8mo. is, 

'* The book seems to us to leave nothing to be deared as an elementary 
text-book. "—Academy. 

ASTRONOMY — By J. NoRMAN LOCKYER, F.R.S. With 

numerous Illustrations. New Edition. i8mo. is, 

" This b altogether one of the most likely attem|>ts we have ever seen to 
bring astronomy down to the capacity of the young child." — School 
Board Chronicle. 

BOTANY— By Sir J. D. HoOKER, K.C.S.I., C,B., President 

of the Royal Society. With numerous Illustrations. New 

Edition. iSmo. is, 

" To teachers the_ Primer will be of inestimable value, and not only 
because of the simplicity of the language and the clearness with which the 
subiect matter is treated, but also on account of its coming from the highest 
authority, and so furnishing positive information as to the most suitable 
mehods of teaching the science of botany."— Nature. 

IiOaiC— By Professor Stanley Jevons, F.R.S. New Edition. 

i8mo. is, 

** It appears to us admirably adapted to serve both as an introduction 
to scientific reasoning, and as a guide to soimd Judgment and reasoning 
m the ordinary affairs of life.'*— Academy. 

POUTICAIi EOONOBSY— By Professor Stanley Jevons, 

F.R.S. i8mo. IS, 

*' Unouestionably in every respect an admirable primer."— School 
Board Chronicle. 

In preparation : — 
INTRODUCTORY. By Professor HuxLEY. Ac. &c 
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SCIENCE LECTURES AT SOUTH 
KENSINGTON. 

VOL, I, Containing Lectures by Capt. Abney, Prof. Stokes, 
Prof. Kennedy, F. G. Bramwell, Prof- G. Forbes, H. C. 
SoRBY, J. T. BoTTOMLEY, S. H, ViNES, and Prof. Carey 
Foster. Crown 8yo. 6s, 

VOL. //. In the Press. 

Also, separately. 6d. each. 
SOUND AND MUSIC, By Dr. W. H. Stone. 

PHOTOGRAPHY. By Captain Abney, R.E. 

KINEMA TIC MODELS. By Professor Kennedy, C.E. 

OUTLINES ' OP FIELD GEOLOGY. By Professor 
Geikie, F.R.S. 

ABSORPTION OF LIGHT, AND FLUORESCENCE. 
By Professor Stokes, FiR.S» 

TECHNICAL CHEMISTRY. By Professor Roscoe, 
F.R.S. 

THE STEAM ENGINE, By F. J. Bramwell, C.E., 
F.R.S. 

ELECTROMETERS. By J. Bottomley, F.R.S.E. 

MANCHESTER SCIENCE LECTURES 
FOR THE PEOPLE. 

Eighth Series, 1876-7. Crown 8vo. Illustrated. 6d. each. 

IVHA T THE EARTH IS COMPOSED OF. By-Professor 
Roscoe, F.R.S. 

THE SUCCESSION OF LIFE ON THE EARTH. By 
Professor Williamson, F.R.S. 

IVHY THE EAR THS CHEMISTR Y IS AS IT IS. By 
J. N. LOCKYER, F.R.S. 

Also complete in One Volume. Crown Svo. doth. 2x. 
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MISCELLANEOUS. 

ABBOTT^^ SHAKESPEARIAN GRAMMAR. An Attempt 

to illustrate some of the Differences betv^een Elizabethan and 

Modem English. By the Rev. E. A. Abbott, D.D., Head 

Master of the City of London School New Edition. Extra 

fcap. 8vo. 6i'. 

'* Valuable not only as an aid to the crideal study of Shakespeare, but 
as tending to familianse the reader with Elimbethan English in general." 
— >Athbnacum. 

ikX-OEiRBOlX ^ LINE AR PERSPECTIVE, AND MODEL 
DRA WING, A School and Art Class Manual, with Questions 
and Exercises for Examination, and Examples of Examination 
Papers. By Laurencb Anderson. With Illustrations. 
Royal Svo. 2s, 

i—FIRST LESSONS IN THE PRINCIPLES OF 
COOKING, By Lady Barker. New Edition. i8mo. is. 



CI 



' An unpretending but invaluable little work .... The plan is admi- 
rable in its completeness and simplicity ; it is hardljr possible that anyone 
who can read at all can fail to understand the practical lessons on bread 
and beef, fish and vegetables."— Spbctatok. 

BBRNER8— ^/^^T* Z^^^OA^.S' ON HEALTH, By J. Ber- 
NERS. Seventh Edition. i8mo. is, 

BREYMANN — Works by Hermann Breymann, Ph.D., Pro* 
fessor of Philology in the University of Munich. 

A FRENCH GRAMMAR BASED ON PHILOLOGICAL 

PRINCIPLES, Second Edition.. Extra fcap. 8vo. 4f. 6^1 

'*A good, sound, valuable philological grammar."— School Boako 
Chsoniclb. 

FIRST FRENCH EXERCISE BOOK. Extra fcap. Svo. 

SECOND FRENCH EXERCISE BQOK, Extra fcap. Svo. 
2s, 6d, 

CKUBEBWOOJy-HANDBOOK OF MORAL PHILOSOPHY, 

By the Rev. Henry Calderwood, LL.D., Professor of 

Moral Philosophy, University pf Edinburgh. . Fourth Edition. 

Crown" Svo. 6s. 

"A compact and useful work .... will be an assistance to many 
students outside the author's own University." — Guardian. 
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l—A BEGINNERS DRAWING BOOK. By 
P. H. Delamotte, F.S.A. Progressively aiianged. New 
Edition improved. Crown 8vo. 3;. 6/. 

" A coodse, sanple, and diotoi«hly pncdcal woric*— Guaxdian. 



Now publishing, crown 8va, 2j. 6^. each.. 

ENOIiISH MEN OF XiETTERS. Edited by JOHN MORLEY. 
These short books are addressed to the genered public, with a 
view both to stirring and satisfying an interest in literature and 
its great topics in the minds of those who l)ave to run as they 
read. An immense class is growing up, and must every year 
increase, whose education will have made them alive to the 
importance of the masters of our literature, and capable of 
intelligent curiosity as to their performances. The series is 
intended to give the means of nourishing this curiosity to an 
extent that shall be copious enough to be profitable for know- 
ledge and life, and yet be brief enough to serve those whose 
leisure is scanty. 

The following are arranged for : — 



SPENSER . 
HUME . 
BUNYAN . 
JOHNSON . 
GOLDSMITH 
DICKENS . 
MILTON 
WORDSWORTH 
SWIFT , 
BURNS. 
SCOTT . 
SHELLEY . 
GIBBON 
BYRON 
DEFOE 



The Dean of St. Paul's. 
Professor Huxley. 
J. A. Froude. 
Leslie Stephen. 
William Black. 
T. Hughes, Q.C. 
Mark Pattison. 
GoLDwiN Smith. 
John Morley. 
Principal Shairp. 
R. H. Hutton. 
J. A. Symonds. 
J. C. Morison. 
Professor Nichol. 
W. Minto. 



[Razdy. 
[In /Af Press. 



[Ready. 
[Ready, 



Others will follow. 
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TKyrrcmr— TALES in political economy. By 

MiLLiCENT Garrett Fawcett. Globe 8vo. 3J. 

" The idea is a good one, and it is quite wonderful what a mass of 
economic teaching the author manages to compress into a small space."-— 
Athbn^um. 

VVLKSlO^SCHOOL inspection. By D. R. Fearon, 
M.A., Assistant Commissioner of Endowed Schools. Third 
Edition. Crown 8vo. 2x. ^, 

"The work is admirably adapted to serve the piupose for which it has 
been written. It is calculated to be eminently useful, and to have a 
powerful ii^uence for good on our elementary education." — ^Athsn.aum. 

qImAJ^BTOV-B— SPELLING REFORM FROM AN EDU- 
CATIONAL POINT OF VIEW, By J. H. Gladstone, 
E.R.S., Member for the School Board for London. New 
Edition. Crown 8vo. is. 6d, 



GOLDSMITH— 7"/^^ TRA VELLER, or a Prospect of Society ; 
and THE DESERTED VILLAGE, By Oliver Gold- 
smith. With Notes Philological and Explanatory, by J. W. 
Hales, M.A. Crown 8vo. 6d, 

UAI^S—LONGER ENGLISH POEMS, with Notes, Philo- 
logical and Explanatory, and an Introduction on the Teaching 
of English. Chiefly for Use in Schools. Edited by J. W. 
Hales, M.A , Professor of English Literature at King's 
College, London, &c. &c. Fifth Edition. Extra fcap. 8vo. 
4J. 6df. 

" The notes are voy full and good, and the book, edited by one of our 
most cultivated English scholars, is probably the best volume of selections 
ever made for the use of English sdiools."— Professor Morlby's First 
Sketch qf English Literature, 

HOLB— ^ GENEALOGICAL STEMMA OF THE KINGS 
OF ENGLAND AND FRANCE. By the Rev. C. Hole. 
On Sheet, ix. 

l-B^nsOK— SHAKESPEARE'S " TEMPEST,'' With Glos- 
sarial and Explanatory Notes. By the Rev. J. M. Jephson. 
Second Edition. iSmo. is. 
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LITBXATI7RB PRIMERS — Edited hj JOHN RiCHAKD Gksen, 
Author of " A Short Histoiy of the Ei^lish People." 

ENGLISH GRAMMAR, By the Rev. R. Morris, LL.D., 

President of the Philological Society. New Edition. i8mo. 

doth. IJ. 

'* K work quite ptcdous in its wsy .... An wrcaHent English Giam- 
mar for the lowest form."— Educational Timbs. 

THE CHILDREN'S TREASURY OF LYRICAL 
POETRY. Selected and arranged with Notes by Francis 
Turner Palgrave. In Two Parts. i8mo. is. each. 

ENGLISH LITERATURE. By the Rev. Stopford 
Brooke, M.A. New Edition. i8mo. u. 

" Unquesdonably the best short sketch of English literature that has 
3q;>peared. " — ^Athbnacum. 

IHILOLOGY. By J. PEI1.B, M.A. iSmo. \s. 

" Surely so much matter thoroughly good and clear was never before 
bnnsght close together in the same compass."— Saturday Rbvibw. 

GREEK LITERATURE. By Professor Jebb, M.A. i8ma is, 

SHAKSPERE, By Professor Dowden. l8mo. u. 

ENGLISH GRAMMAR EXERCISES, By R.M0RRIS, 
LL.D., and H..C. Bowen, M.A. i8mo. is, 
HOMER, By the Right Hon. W. E. Gladstone, M.P. 
iSmo. is. 

In preparation : — 

LA TIN LITER A TURE. 

BIBLE PRIMER. By the Rev. Stopford Brooke. 

CHAUCER. By F. J. Furnivall, M.A. 

MACMILLAN'S PROORS8SIVE FRSNCH COURSE— By 

G. Eugene- Fasnacht, Senior Master of Modem Languages 
Harpur Foundation Modern School, Bedford. 

I. — First year, containing Easy Lessons on the Regular 'Ac- 
cidence. Extra fcap. 8vo. is, 

II, — Second Year, containing Conversational Lessons on Sys- 
ematic Accidence and Elementary Syntax. With Philological 
Uustrations and Etymological Vocabulary, is. 6d, 
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m^CXELtsAX'S FBOOBESSIVB OESMAZT COVBSE— By 

G. Eugene Fasnacht. 

Part I. — First Year. Easy Lessons and Rules on the Regular 
Accidence. Extra fcap. 8vo. \s. (ul. 

Part II. — Second Year. Conversational Lessons in Systematic 
Accidence and Elementary Syntax. With Philological Illustra- 
tions and Etymological Vocabulary. Extra fcap. 8vo. 2x. 

MARTIN— 7!ff£ POET'S HOUR: Poetry selected and 
arranged for Children. By Frances Martin. Third 
Edition. i8mo. 2s, 6d. 

SPRING-TIME WITH THE POETS: Poetry selected by 
Frances Martin. Second Edition. i8mo. 31. 6^. 

MA8SON (OUSTAVE)—^ COMPENDIOUS DICTIONARY 
OF THE FRENCH LANGUAGE (French-EngKsh and 
English-French). Followed by a List of the Principal Di- 
verging Derivations, and preceded by Chronological and 
• Historical Tables. By Gustavb Masson, Assistant-Master 
and Librarian, Harrow School Fourth Edition. Crown 8vo. 
half-bound. 6f. 



"A book which any student, whatever may be the degree of his ad- 
vancement in the language, would do well to have on the table dose at 
hand while he is reading. —Saturday Rbview. 

MORRIS— Works by the Rev. R. Morris, LL.D., Lecturer 
on English Language and Literature in King's Collie 
School. 

HISTORICAL OUTLINES OF ENGUSH ACCIDENCE, 
comprising Chapters on the History and Development of the 
Language, and on Word-formation. Fourth Edition. Extra 
fcap. 8vo. 6j. 

" It marks an era in the study of the English teogoe."— Saturday 

RSVIEW. 

'* A genuine and sound book.'— AtHmjBUM. 

ELEMENTARY LESSONS IN HISTORICAL 
ENGLISH GRAMMAR^ containing Accidence and Word- 
formation. Third Edition, i8mo. 2r, td^ 

PRIMER OF ENGLISH GRAMMAR, i8mo. u. 

€ 
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ftT.¥ OT¥ AU T— THR OLD AND MIDDLE ENGLISH. A 
New Edition of THE SOURCES OF STANDARD 
ENGLISH. By J. Kington Oliphant. Extra fcap. 8vo. 

VKl^^'RArV'^-THE CHILDREN'S TREASURY OF 

LYRICAL POETRY. Selected and Ananged with Notes 

by Francis Turner Palgrave. i8mo. 2x. 6d. Also in 

Two parts. i8mo. is, each. 

** While indeed a treasure for intellisent chSdren, it is also a woik whidi 
many older folic will be glad to have.'^— Saturday Rbview. 

VYJMD^T—NEW GUIDE TO GERMAN CONVERSA- 

TION: containing an Alphabetical List of nearly 800 Familiar 

Words followed by Exercises, Vocabolaxy of Words in frequent 

use ; Familiar Phrases and Dialogues ; a Sketch of German 

Literature, Idiomatic Expressions, &c. By L. Pylodkt. 

i8mo. cloth limp. 2j. ^, 

A SYNOPSIS OF GERMAN GRAMMAR. From the 
above. i8mo. 6^. 

REA.DINO BOOKS— Adapted to the English and Scotch Codes. 
Bound in Cloth. 
PRIMER. i8ma (48 pp.) 2d. 

BOOK L for Standard I. i8mo. (96 pp.) ^. 

11. „ II. i8mo. (144 pp.) 5^- 

III. „ III. i8mo. (160 pp.) 6(/. 

IV. „ IV. i8mo. (176 pp.) &/. 
V. „ V. i8mo. (380 pp.) ij. 

>> yi. „ VI. Crown 8vo. (430 pp.) 2s. 

Book VI. is fitted for higher Classes, and as an Introduction to 
English Literature. 

" They are far above any others that have ai>peared both in form and 
substance. . . . The editor of the present series has rightly seen that 
reading books must ' aim duefly at ejving to the puf^Is the power of 
accurate, and, if possible, apt and skilful expression ; at cultivating in 
them a good litersuy taste, and at arousing a desire of fiirtho* readuig. ' 
Thb is done by takiiu^ care to select the extracts from true iT-irgHgl* rlawar^ 
going up in StandardVI. course to OKaucer, Hooker, and Bacon, as well 
as Wordsworth, Macaulay, and Froude. . . . This is quite on the risht 
track, and indicates justly the ideal which we ought to set before us. — 
Guardian. 

8HAXB8PBABB— ^ SHAKESPEARE MANUAL. ByF.G. 
Fleay, M.A., Head Master of Skipton Grammar School. 
Second Edition. JBktra feap. 8vo. 4J. 6d. 

"A valuable contribution to. the study of Shakespeare. '^—Saturday 



» 

I 



MISCELLANEOUS. 35 



continued—' 

AN ATTEMPT TO DETERMINE THE CHRONO- 
LOGICAL ORDER OF SHAKESPEARE'S PLAYS. 
By the Rev. H. Paine Stokes, B.A. Extra fcap. 8vo. 
4r. 6d. 

SK-BAT— SHAKESPEARE'S PLUTARCH. Being a Selection 
from the Lives in North's Plutarch which illustrate Shake- 
speare's Plays. Edited, with Introductions, Notes, Index of 
Names, and Glossarial Index, by the Rev. W. W. Skeat, 
M.A. Crown 8vo. df. 

SONNEN8CHEIN and MSIKLSJOHN — THE ENGLISH 
METHOD OF TEACHING TO READ, By A. Son- 
NENSCHEiN and J. M. D. Meiklejohn, M.A. Fcap. 8vo. 

COMPRISING : 

THE NURSERY BOOK, containing all the Two-Letter 
Words in the Language, id, (Also in Large Type on 
Sheets for School Walls. 5j.) 

THE FIRST COURSE^ consisting of Short Vowels with 
Single Consonants. 6d, 

THE SECOND COURSE, with Combinations and Bridges, 
cojisisting of Short Vowels with Double Consonants. 6d. 

THE THIRD AND FOURTH COURSES, consisting of 
Long Vowels, and all the Double Vowels in the Language. 

6d. 

" These are admirable books, because they are constructed on a prin- 
ciple, and that the simplest principle on which it is possible to learn to read 
Englbh. " — Spbctator. 

TANNER— //^^T' PRINCIPLES OF A GRICUL TURE, By 

H. Tanner, F.C.S., Professor of Agricultural Science, 

University College, Aberystwith, &c. i8mo. is, 

'* We cordially recommend it to all students and teachers of this most 
important science." — Schoolmaster. 

TAYlMOB.— Pf'^ORDS AND PLACES; or. Etymological Illus- 
trations of History, Ethnology, and Geography. By the Rer 
Isaac Taylor, M.A. Third and cheaper Edition, revised 
and compressed. With Maps. Globe 8vo. 6s, 

TAYhOBr^A PRIMER OF PIANOFORTE PLA YING, By 
f &ANKLIN Taylor. Edited by Geqrge Grqve. i8mo. is. 

'* There are many Unts of almost priceless worth not only to pupils but 
to teachers.*'— Morning Post. 

C 2 
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^HOUSEHOLD MANAGEMENT AND 

COOKERY. With an Appendix of Recipes used by the 

Teachers of the Natioiial School of Cookeiy. By W. B. 

Tegetmeier. Compiled at the request of the School Board 

for London. l8mo. u. 

"Admirably adapted tp the use for which it was deagned."— 

ATHBNiBUM 

" A seasonable and thoroughly practical manual." — Pall Mall 
Gazbttb. 

THBING — ^Works by Edward Turing, M. A., Head Master of 
Uppingham. 

THE ELEMENTS OF GRAMMAR TAUGHl IN 
ENGLISH. With Questions. Fourth Edition. i8mo. 2J. 

THE CHILjyS GRAMMAR. Being the Substance of 
"The £llements of Grammar taught in English," adapted for 
the Use of Junior Classes. A New Edition. i8mo. ix. 

SCHOOL SONGS. A CoUection of Songs for Schools. 
With the Music arranged for four Voices. Edited by the 
Rev. E. Thring and H. Riccius. Folio, yj. 6d. 

TRENCH (ARCHBISHOF)— Works by R. C. TRENCH, D.D., 
Archbishop of Dublin. 

HOUSEHOLD BOOK OF ENGLISH POETRY. Selected 
and Arranged, with Notes. Second Edition. Extra fcap. 8to. 
Ss,6d. 

ON THE STUDY OF WORDS. Lecturca addressed 
(originally) to the Pupils at the Diocesan Training School, 
Winchester. Seventeenth Edition, revised, Fcap. 8vo. $s.. 
ENGLISH, PAST AND PRESENT, Tenth Edition, 
revised and improved. Fcap. 8vo. 5^. 

A SELECT GLOSSARY OF ENGLISH WORDS, used 
formerly in Senses Different from their Present. Fourth 
Edition, enlarged. Fcap. 8vo. 4s. 6d. 

JTAVQUAK {C.m.)-- WORDS FROM THE POETS. By 
C. M. Vaughan. Eighth Edition. i8mo. cloth, is. 

WHITNSY — Works by WiLLLAM D. WHITNEY, Professor of 
Sanskrit and Instructor in Modem Languages in Yale CoU^e ; 
first President of the American Philological Association, and 
hon. member of the' Royal Asiatic Society of Great Britain and 
Ireland ; and Correspondent of the Berlin Academy of Sciences. 
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TVHITNBY Continued-^ 

A COMPENDIOUS GERMAN GRAMMAR, Crown 
8vo. 4r. 6^. 

/i GERMAN READER IN PROSE AND VERSE, with 
Notes and Vocabulary. Crown 8vo. 5^. 

IVHITNEY AND SD6RSN— ^ COMPENDIOUS GERMAN 
AND ENGLISH DICTIONARY, with Notation of Cor- 
respondences and Brief Etjrmologies. By Professor W, D. 
Whitney, assisted by A. H. Edgren. Crown 8yo. ^5. 6d, 

THE GERMAN-ENGLISH, separately, 5^. 

YONOE (CHARIaOTTB VI,)— THE ABRIDGED BOOK OF 
GOLDEN DEEDS, A Readmg Book for Schools and 
general readers. By the Author of "The Heir of Red- 
clyffe." x8mo. cloth, is. 
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FRBBMAN (EDWARD A,.)— OLD-ENGLISH HISTORY, 

By Edward A. Freeman, D.C.L., LL.D., late Fellow of 

Trinity College, Oxford. With Five Coloured Maps. New 

Edition. Extra fcap. 8yo. half-bound, dr. 

"The book indeed is full of instruction and interest to students of all 
ages, and he^ must be a well-infocmed man indeed who will not rise from 
its perusal with clearer and more accurate ideas of a too much neglected 
portion o£ English History." — Spectator. 

ORBEN.— ^ SHORT HISTORY OF THE ENGLISH 
PEOPLE, By John Richard Green. With Coloured 
Maps, Genealogical Tables, and Chronological Annals. 
Crown 8vo. 8j. 6d, Fifty-fifth Thousand. 

** Stands alone as the one general history of the country^ for the sake 
of which all others, if young and old are wise, will be speedily and surely 
set aside."— AcADBMY. 

aiBTORICAIf COURSE FOR SCHOOLS — Edited by 

Edward A. Freeman, D.C.L., late Fellow of Trinity 
College, Oxford. 

. I. GENERAL SKETCH OF EUROPEAN HISTOR Y, 
By Edward A. Freeman, D.C.L. New Edition, revised 
and enlarged, with Chronological Table, Maps, and Iiidex. 
i8mo. cloth. 3 J. 6d, 
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HISTORICAL COURSB FOR SCHOOLS^ Continued^ 

*' It supplies the great want of a good foundadoa for historical teachinp^. 
The scheme is an excellent one, and this instalment has heen executed in 
a way that promises much for the volumes that are yet to appear." — 
Educational Timbs. 

II. HISTORY OF ENGLAND, By Edith Thompson. 
New Edition, revised and enlarged, with Maps. i8mo. 2j; 6d, 

** Freedom from prejudice, simplicity of style, and accuracy of statement 
are the characteristics of this little volume. It is a trustworthy text-book 
and likely to be eenerally serviceable in schools." — Pall Mall Gazbttb. 

'* Upon the whole, this manual is the best sketch of English history for 
the use of young people we have yet met ^th." — A.thehje.\ju. 

IIL HISTORY OB SCOTLAND. By Margaret 
Macarthur. New Edition. i8mo. 2J. 

" An excellent summary, unimpeachable as to facts, and putting them 
in the clearest and most impartial lieht attainable." — Guardian. 

" Miss Macarthur has performed her task with admirable care, clear- 
ness, and fulness, and we have now for the first time a really good School 
History of Scotland." — Educational Ttmks. 

IV. HISTORY OF ITALY, By the Rev. W. Hunt, M.A. 

i8mo. 3 J. 

*' It possesses the same solid merit as its predecessors .... the same 
scrupulous care about fidelity in details. ... It is distinguished, too, by 
information on art, architecture, and social politics, in which the writer 
grasp is seen by the fitmness and clearness oiE bis touch" — Educational 
Times. 

V. HISTORY OF GERMANY. By J. Sime, M.A. 

i8mo. 3x. 

'*A remarkably clear an^ impressive histoiy of Germany. Its great 
events are wisely kept as central figures, and the smaller events are care- 
fully kept, not only subordinate sind subservient, but most sldlfiiUy woven 
into the texture of the historical tapestry presented to the eye." — 
Standard. 

VI. HISTORY OF AMERICA. By John A. Doylk. 

With Maps. i8mo. 41. 6d, 

" Mr. Doyle has performed his task with admirable care, fulness^ and 
clearness, and for the first time we have for schools an accurate and inter- 
esting history of America, from the earliest to the present time." — 
Standard. 

EUROPEAN COLONIES. By E. J. Payne, M. A. With 
Maps. i8mo. 4s. 6d, 

"We have seldom met with an historian capable of forming a more 
comprehensive, far-seeing, and unprejudiced estimate of events and 
peoples, and we can commend this little work as one certain to prove of 
the highest interest to all thoughtful readers." — Times. 

The following is in preparation : — 

FRANCE. By Charlotte M. Vongb. 
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HISTORY PRIMBR8— Edited by JOHN RiCHARD Green. 
Author of " A Short History of the English People." 

ROME, By [the Rev. M. Creighton, M.A., Fellow and 
Tutor of Merton College, Oxford. With Eleven Maps. New 
Edition. i8mo. is, 

"The author has been curiously successful in telling in an intelli- 

?cnt way the story of Rome from first to last."— School Board 
Chronicle. 

GREECE. By C. A. Fyffe, M.A., Fellow and late Tutor 
of University College, Oxford. With Five Maps. New 
Edition. i8mo. is, 

"We give our unqualified praise to this little manual." — School- 

MASTBR. 

EUROPEAN f HISTORY, By E. A. Freeman, D.C.L., 
LL.D. With Maps. New Edition. i8mo. is, 

*' A marvel of clearness. " — Academy. 

"The work is always clear, and forms a luminous key to European 
history." — School Board Chroniclb. 

'* Tliere are few writers but himself who could have compressed so much 
information in so little space." — Educational Times. 

GREEK ANTIQUITIES, By the Rev. J. P. Mahaffy, 
M.A. Illustrated. i8mo. is, 

** All that is necessary for the scholar to know is told so compaedy ytt 
so fully, and in a style so interesting, that it is impossible for even the 
dullest boy to look on this little work in the same light as he regards his 
other school books. ** — Schoolmaster. 

CLASSIC AL\ GEOGRAPHY, By H. F. Tozer, M.A. 
i8nio. is, 

"Another valuable ud to the study of the ancient world. ... It 
contains an enormous quandty of information packed into a small space, 
and at the same time communicated in a very readable shape." — ^John 
Bull. 

GEOGRAPHY, By George Grove, D.C.L. With Maps. 
l8mo. IX. 

'* A model of what such a work should be .... we know of no short 
treatise better suited to infuse life and spirit into the dull lists of proper 
names of which our ordinary class-books so often almost exclusively 
consist. "—Times. 

ROMAN ANTIQUITIES. By Professor WiLKiNS. Illus- 
trated. i8mo. IS, 

" A little book that throws a blaze of light on Roman Hi8tor;% and 
is, moreover, intensely voXtse&^g,** -^School Board Chronicle. 
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HISTORY PRIMERS Continued— 

In preparation : — 

ENGLAND, By J. R. Green, M. A. 

FRANCE, By CharLOITE M. Yonge. 

MICHELST^^ SUMMARY OF MODERN HISTORY. 
Translated from the French of M. Michelet, and continued 
to the Present Time, by M. C. M. Simpson. Globe 8vo. 
4J. dd. 

** We are glad to see one of the ablest and most useful summaries of 
European history put into the hands of English readers. The tcansla- 
tion ts excellent. — Standard. 

OVTL— SCANDINAVIAN HISTORY, By E. C. Orrfe. 
Witb Maps. Globe 8vo. 6s, 

**K readable, well-arranged, complete, and accurate volume.** — Litk- 
RARY Review. 

VKXtJ»l,'-'PICTURES OF OLD ENGLAND. By Dr. R. 
Pauli. Translated with the sanction of the Author by 
E. C. Ott^. Cheaper Edition. Crown 8vo. 6s, 

YONGE (CHARLOTTE M.)—^ PARALLEL HISTORY OF 
FRANCE AAD ENGLAND : consisting of Outlines and 
Dates. By Charlotte M. Yonge, Author of " The Heir 
of Redclyire," "Cameos of English History," &c., &c 
Oblong 4to. 3J. 6d. 



"We can imagine few more really advantageous courses of historical 
study for a younz mind than going carefully and steadily through Miss 
Yonge's excellent little book." — Educational Times. 



CAMEOS FROM ENGLISH HIS7 OR Y, ^ FROM 
ROLLO TO EDWARD II. By the Author of " The Heir 
of Redclyffe." Extra fcap. 8vo. Third Edition, enlarged. 5x. 

" Instead of dry details, we have living pictures, fiuthful, vivid, and 
striking." — ^Nonconformist. 

A SECOND SERIES OF CAMEOS FROM ENGLISH 
HISTORY— THE WARS IN FRANCE. Third Edition. 
Extra fcap. 8vo. 5^. 

" Though mainly intended for young readers, they will, i£ we mistake 
not. be found very acceptable to those of more mature yesurs, and the life 
and reality imparted to the dry bones of history cannot fail to be at- 
tractive to readers of every age." — ^John Bull. 
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YON6S/ CHARIiOTTE M.. Continued^ 

A THIRD SERIES OF CAMEOS FROM ENGLISH 
HISTOR V-TUE WARS OF THE ROSES. Extra fcap. 
8vo. 5^. 

A FOURTH SERIES, [In the press, 

EUROPEAN HISTORY. Narrated in a Series of 
Historical Selections from the Best Authorities. Edited and 
arranged by E. M, Sewell and C. M. Yonge. First Series, 
1003 — 1 1 54. Third Edition. Crown 8vo. ts. Second 
Series, 1088 — 1228. Third Edition. Crown 8vo. 6s, 

** We know of scarcely anything which is so likely to raise to a higher 
level the average standard of English education."— Guardian. 



DIVINITY. 

•»♦ For other Works by these Authors, see Theological 

Catalogue. 

ABBOTT (RSV. E. K.)'-BIBLE LESSONS, By the Rev. 
E. A. Abbott, D.D., Head Master of the City of London 
School. Second Edition. Crown 8vo. 4r. 6d, 

** Wise, suggestive, and really profound initiation into religious thought. ' ' 
—Guardian. 

" I think nobody could read them without being both the better for 
them himself, and being also able to see how this difficult duty of im- 

Sirting a sound religious education may be effected." — Bishop op St. 
avid's at Abergwilly. 



ARNOLD—^ BIBLE-READING FOR SCHOOLS-^TKE 
GREAT PROPHECY OF ISRAEL'S RESTORATION 
(Isaiah, Chapters xl. — ^Ixvi.). Arranged and Edited for Young 
Learners. By Matthew Arnold, D.C.L., formerly 
Professor of Poetry in the University of Oxford, and Fellow 
of Oriel Fourth Edition. i8mo. doth, is, 

*' There can be no doubt that it will be found excellently calculated to 
further instruction in Biblical literature in any school into which it may 
be introduced ; and we can safely say that whatever school uses the book, 
it will enable its pupils to understand Isaiah, a great advanta^ compared 
with other estabuslunents which do not avail themselves of it." — ^Timbs. 

ISAIAH XL.—LXVL With the Shorter Prophecies allied 
to it Arranged and Edited, with Notes, by Matthew 
Arnold. Crown 8vo. 5^. 
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GOIiDSN TRBASURY PBAXiTBB— Students' Edition. Being 
an Edition of "The Psalms Chronologically Arranged, by 
Four Friends," with briefer Notes. i8mo. $s, 6d. 

HARDWICK— Works by Archdeacon Hardwick. 

A HISTORY OF THE CHRISTIAN CHURCH 
Middle Age. From Gr^ory the Great to the Excommuni- 
cation of Luther. Edited by William Stubbs, M. A., Regius 
Professor of Modem History in the University of Oxford. 
With Four Maps constructed for this work by A. Keith John- 
ston. Fourth Edition. Crown 8vo. lOJ. (id, 

''As a manual for the student of ecclenastical history in the Middle 
Ages, we know no English work which can he compared to Mr. Hard- 
wick's book."— Guardian. 

A HIS TOR V OF THE CHRISTIAN CHURCH DURING 
I HE REFORM A TION, Fourth Edition. Edited by Pro- 
fessor Stubbs. Crown 8vo. los, 6cl. 

MACLEAR — Works by the Rev. G. F. Maclear, D.D., Head 
Master of King's College School. 

A CLASS-BOOK OF OLD TESTAMENT HISTORY, 
New Edition, with Four Maps. i8mo. 4r. 6^. 

"A careful and elaborate though brief compendium of all that modem 
research has done, for the illustration of the Old Testament. We know 
of no work which contains so much important information in so small 
a compass." — British Quarterly Review. 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, 
including the Connection of the Old and New Testament. 
With Four Maps. New Edition. i8mo. 5j, td, 

*' A singularly clear and orderly arrangement of the Sacred Stoiy. His 
work is solidly and completely done."-— Athbn.aum. 

A SHILLING BOOK OF OLD TESTAMENT 
HISTORY, for National and Elementary Schools. With 
Map. i8mo. cloth. New Edition. 

A SHILLING BOOK OF NEW TESTAMENT 
HISTORY, for National and Elementary Schools. With 
Map. i8mo. cloth. New Edition. 

These works have been carefully 'abridged from the author's 
larger manuals. 
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MAOI«BAR Continued^ 

CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND, New Edition. i8mo. doth. 
\5, 6d, 

*'It is indeed the work of a scholar and divine, and as such, though 
extremely simple, it is also extremely instructive. There are few clergy- 
men who would not find it useful in preparing candidates for Confirmation ; 
and there are not a few who would nnd it useful to themselves as well." — 
Literary Churchman. 

A FIRST CLASS-BOOK OF THE CATECHISM OF 
THE CHURCH OF ENGLAND, with Scripture Proofs, 
for Junior Classes and Schools. i8mo. 6ii, New Edition. 

A^ MANUAL OF INSTRUCTION FOR CONFIRMA^ 
TION AND FIRST COMMUNION WITH PR A VERS 
AND DEVOTIONS. 32mo. cloth extra, red edges. Zf. 

" It is earnest, orthodox, and affectionate in tone. The form of self- 
examination is particularly good." — John Bull. 

THE ORDER OF CONFIRMATION, WITH PRAYERS 
AND DEVOTIONS, 32mo. 6d, 

FIRST COMMUNION, WITH PRAYERS AND 
DEVOTIONS FOR THE NEWLY CONFIRMED, 
32mo. (td, 

mCIs^JslMAH—THE NEW TESTAMENT, A New Trans- 
lation on the Basis of the Authorised Version, from a Critically 
revised Greek Text, with Analyses, copious References and 
Illustrations from original authorities, New Chronological 
and Analytical Harmony of the Four Gospels, Notes and Dis- 
sertations. A contribution to Christian' Evidence. By John 
Brown M*Clellan, M.A., late Fellow of Trinity Cc^lege, 
Cambridge. In Two Vols. Vol. I. — The Four Gospels with 
the Chronological and Analytical Harmony. 8vo. 3Qr. 

" One of the most remarkable productions of recent tim^s/' says the 
Theological RemeWy "in this department of sacred literature;" and the 
BtiHsk Quarterly Review terms it "a thesaurus of first-hand investiga- 
tions." 

lAKXJVLQEc—THE LORIES PRA YER, THE CREED, AND 
THE COMMANDMENTS, A Manual for Parents and 
Schoolmasters. To which is added the Order of the Scriptures. 
By the Rev. F. Denison Maurice, M.A. i8mo. cloth, 
limp. IS, 
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PROCTER—^ HISTORY OF THE BOOK OF COMMON 
PRAYER^ with a Rationale of its Offices. By FranciS 
Procter, M.A. Thirteenth Edition, revised and enlarged. 
Crown 8vo. lOf. 6^. 

PROCTER hXi'DVLhQ^^^K'Bi— AN ELEMENTARY INTRO^ 
DUCTION TO THE BOOK OF COMMON PRA YER. 
Re-arranged and supplemented by an Ejcplanation of the 
Morning and Evening Prayer and the Litany. By the 
Rev. F. Procter and the Rev. Dr. Maclear. New 
and Enlarged Edition, containing the Communion Service and 
the Confirmation and Baptismal Offices. i8mo. 2x. 6d. 

• 

PSALMS OF DAVID OHRONOLOGIOALLY ARRANGED. 
By Four Friends. An Amended Version, with Historical 
Introduction and Explanatory Notes. Second and Cheaper 
Edition, with Additions and Corrections. Crown 8to. 

** One of the most instructive and valuable books that has been published 
for many years.**— Spbctator. 

BJLMBA'Y—THECATECH/SER'SMANC/AL; or, the Church 
Catechism Illustrated and Explained, for the Use of Clergy- 
men, Schoolmasters, aAd Teachers. By the Rev. Arthur 
Ramsay, M.A. Second Edition. i8mo. is. 6d. 



SIMPSON— ^iV EPITOME OF THE HISTORY OF THE 
CHRISTIAN CHURCH. By William Simpson, M.A. 
Fifth Edition. Fcap. 8vo. 3j. 6</. 

TRBNGH— By R. C. TRENCH, D.D., Archbishop of Dublm. 
LECTURES ON MEDIEVAL CHURCH HISTORY. 
Being the substance of Lectures delivered at Queen's College, 
London. 8vo. I2s. 

SYNONYMS OF THE NEW TESTAMENT. Eighth 
'^ Edition, revised. 8vo. I2s. 
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WBSTCOTT— Works by BROOKE FOSS WESTCOTT, D.D., 
Canon of Peterborough. 

A GENERAL SURVEY OF THE HISTORY OF THE 
CANON OF THE NEW TESTAMENT DURING THE 
FIRST FOUR CENTURIES, Fourth Edition. With 
Preface on "Supernatural Religion." Crown 8vo. lor. 6d, 

*'As a theological work it b at once perfectly &ir and impartial^ and 
imbued -with a thoroughly religious spirit ; and as a manual it exhibits, in 
a lucid form and in a narrow compass, the results of extensive research 
and accurate thought. We cordially recommend it." — Saturday Review. 

INTRODUCTION TO THE STUDY OF THE FOUR 
GOSPELS, Fifth Edition. Crown 8vo. los, 6d, 

"To learning and accuracy which commands respect and confidence, he 
unites what are not always to be found in union with these qualities, the 
no less valuable faculties of lucid arrangement and graceful and facile ex- 
pressioQ." — London Quarterly Review. 

THE BIBLE IN THE CHURCH, A Popular Account 
of the Collection and Reception of the Holy Scriptures in 
the Christian Churches. New Edition. i8mo. cloth. 

'*We would recommend every one who loves and studies the Bible to 
read and ponder this exquisite little book. Mr. Westcott's account of 
the 'Canon' is true history in its highest sense. "—Literary Church- 
man. 

THE GOSPEL OF THE RESURRECTION, Thoughts 
on its Relation to Reason and History. New Edition. 
Crown 8to. 6j. 

WILSON— r^iff BIBLE STUDENT'S GUIDE to the more 
Correct Understanding of the English Translation of the Old 
Testament, by reference to the original Hebrew. By. William 
Wilson, D.D., Canon of Winchester, late Fellow of Queen's 
Collie, Oxford. Second Edition, carefully revised. 4to. 
cloth. 25J. 

" For all earnest students of the Old Testament Scriptures it is a most 
valuable manual. Its arrangement is so simple that those who potsns only 
their mother-tongue, if they will take a little pains, may employ it^witn 
great profit." — Moncomformist. 
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YONGE (OHARLOTTE VL.)— SCRIPTURE READINGS FOR 
SCHOOLS AND FAMILIES. By Charlotte M. Yonge, 
Author of "The Heir of Redclyffe." 

First Series. Genesis to Deuteronomy. Globe 8vo. 
\s, 6d, With Comments, Second Edition, 3/. 6d, 

S£CX>ND Series. From Joshua to Solomon. Extra fcap. 
8to. is, 6d, With Comments, 3^. 6d» 

Third Series. The Kings and the Prophets. Extra fcap. 
. 8vo. i^. 6d. With Comments^ 31. 6d, 

Fourth Series. The Gospel Times, is, 6d. With 
Comments, extra fcap. 8vo., 3^. 6d, j 

Fifth Series. [In the press. 



Actnal need has led the author to endeavour to prepare a reading book con- 
venient for study with children, containing tbe very words of the Bible, with 
only a few expedient omissions, and arranged in L^sons o£ such length as by 
experience she has found to suit with diildren's ordinary power <or accurate 
attentive interest. The verse form has been retained, because of its convenience 
for children reading in class, and as m(»e resembUog their Kbles; but the 
poetical portions have been given in their lines. When Psalms or ]^oitiops from 
the Prophets iUustrate or £dl in with the narrative they are gi^^'^n in their 
chronological sequence. The Scripture portion, with a ver^ few notes ex- 
planatory of mere words, is bound up apart, to be used by children, while the 
same b also supplied with a brief comment, the purpose of which is either to 
assist the teacher in explaining the lesson, or to be used by more advanced yoon^ 
people to whom it may not be possible to give access to the authorities whoice it 
has been taken. Professor Htudey, at a meeting of the London School Board, 
partiailarly mentioned the selection made by Miss Yonge as an exanq>le of how 
selections might be made from the Bible for Sdiool Reading. See Times, March 
30, 1871. _ 
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